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1 Introduction 

A contact structure on a 3-manifold M is a tangent 2-plane field ^ which is 
the kernel of a differentiable 1-form a such that a Ada is a nowhere vanishing 
3-form. Contact structures on 3-manifolds spht into two families. A contact 
structure ^ is overtwisted if there exists an embedded disc D C M such that 
TD\qj:) = ^\dD- A contact structure is tight if it is not overtwisted. The disc D 
is called, with an abuse of terminology, an overtwisted disc. 

Overtwisted contact structures are much more common and flexible objects than 
the tight ones, in fact any 3-manifold admits an overtwisted contact structure 
and on a closed 3-manifold two overtwisted contact structures are isotopic if 
and only if they are homotopic as plane fields (Eliashberg 171). On the contrary, 
the classification of tight contact structures is still at its beginning. For a survey 
of contact structures, see [H IHl ITIH IT?)]. 

In the last decade there has been a dramatic growth of the three-dimensional 
methods in contact topology starting from the definition of convex surfaces 
in Giroux's paper JH]- Convex surfaces are the main tool to perform cut- 
and-paste operations on contact manifolds. Applying this technique, Kanda 
[2H1 and, independently, Giroux, classified the tight contact structures on the 
three-torus . Later, Honda |22] and Giroux ^H] classified the tight contact 
structures on lens spaces, the solid torus x and the thickened torus 
X I . In [221 5 Honda introduced the notion of bypass, a tool which allows one 
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to handle contact topological problems in a combinatorial way (see [21], Section 
3.4). In this paper we will assume that the reader is familiar with the material 
in [in] and [^. 

The solid torus and the thickened torus can be thought of as basic building 
blocks for a number of other three dimensional manifolds. In fact, shortly 
after, Honda [22] gave a complete classification of tight contact structures on 
-bundles over 5^ and S"^ -bundles over surfaces. At the same time Giroux 
|19j obtained almost complete results on the same manifolds. 

Other classification results are partial or sporadic. The most important of 
them are the non existence of tight contact structures on the Poincare homol- 
ogy sphere with opposite orientation — S(2,3, 5) in and the coarse clas- 
sification which characterises the three-manifolds which carry infinitely many 
tight contact structures, [21 [S] [2 [2^] . A complete classification is also known 
for the Seifert manifolds over S'^ with three singular fibres ibE(2,3, 11), |13j . 
Moreover, there are partial results on fibred hyperbolic three-manifolds |27j . 
which are the only non Seifert manifolds in the list so far. During the prepara- 
tion of this article tight contact structures have been classified on small Seifert 
manifolds with integer Euler class cq 7^ —2,-1, [Tl] IH^. 

Our aim is to give a complete isotopy classification of tight contact structures 
on Seifert manifolds over the torus with one singular fibre. Fix cq G ^ and 
r € (0, l)nQ, and let T'(eo) be the circle bundle over with Euler class cq . We 
denote by M{eo,r) the Seifert manifold obtained by (— i)-surgery along a fibre 
of T(eo) . The tight contact structures on M(eo, r) and T(eo) split into two fam- 
ilies, according to their behaviour with respect to the finite coverings induced by 
a finite covering of . We will call generic those tight contact structures which 
remain tight after pulling back to such coverings, and exceptional those ones 
which become overtwisted. The set of isotopy classes of generic tight contact 
structures on M{eo,r) splits into infinitely many sub-families parametrised by 
the isotopy classes of the generic tight contact structures on T(eo). Each sub- 
family contains finitely many isotopy classes of tight contact structures which 
are obtained by Legendrian surgery on the generic tight contact structure on 
T(eo) labelling the sub-family. 

The isotopy classes of exceptional tight contact structures on M{eQ,r) form 
a finite family, whose cardinality depends on cq and r. If eo < there are 
no exceptional tight contact structures on M{eo,r). If eo > 2, all exceptional 
tight contact structures on M(eo, r) are obtained by Legendrian surgery on the 
exceptional tight contact structures on T(eo) which, however, are not tillable 
by If Co = 1, the exceptional tight contact structures on M{eo,r) have 
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no tight analogue on T(eo) • They are obtained by Legendrian surgery on 
overtwisted contact structures and there seems to be no natural way to express 
them as Legendrian surgery on a tight contact structure. When cq = 1,2 the 
exceptional tight contact structures show an unexpected interplay between the 
corresponding contact structure on T(eo) and the surgery data. See Theorem 
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2 Statement of results 



Let M be an oriented 3-manifold. The set of isotopy classes of tight contact 
structures on M will be denoted by Tight(M) . If dM ^ 0, and is a singular 
foliation on dM , Tight (M, J^) will denote the set of tight contact structures on 
M which induce the characteristic foliation T on dM , modulo isotopies fixed 
on the boundary. If !F and G are two singular foliations on dM adapted to 
the same dividing set Tqm , then Tight(M, ^) and Tight(Af, G) are canonically 
identified, therefore we will write Tight ( M, Fajvi) in place of Tight(M, .F) for 
any T adapted to Tqm . 

Recall that we denote by T(eo), for eo £ 7j, the -bundle over T2 with 
Euler class eo, and by M{eo,r), for r G Q n (0, 1), the Seifert manifold over 
obtained by (— i)-surgery along a fibre R of T{eo). Here the surgery 
coefficient is calculated with respect to the standard framing on R. More 
explicitly, consider a tubular neighbourhood uR C T'(eo) of R, and identify 

— (9(r(eo) \ i^R) to E?/7? so that ( i ) is the direction of the meridian of 
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vR and ^ J is the direction of the fibres. Then M{eQ,r) is the manifold 
obtained by gluing a solid torus x to T(eo) \ i^R by the map 

A{r) : dD^ x ^ -d{T{eo) \ vR) 
represented by the matrix 

A(r)= _"^,) e5L(2,Z) 

where r = ^ and < a' < a. The image of {0} x S"^ C x 5"^ in M(eo,r) 
is called the singular fibre. The images of the fibres of T(eo) are called regular 
fibres. See |121 1211 1^ for more about Seifert manifolds. 

Let M be a Seifert manifold, possibly without singular fibres, with non simply 
connected base. Let C M be a curve isotopic to a regular fibre. In the 
following such curve will be called a vertical curve. Following Kanda [^, we 
define the canonical framing of R as the framing induced by any incompressible 
torus T C M containing R. Unless stated otherwise, the twisting number 
of Legendrian vertical curves will be calculated with respect to the canonical 
framing. 

Definition 2.1 Let M be a Seifert fibred manifold over an oriented non simply 
connected surface. Given a regular fibre R C M and a contact structure ^ on 
M , we define the maximal twisting number of ^ as 

t(^) = maxmin{t6(L), 0} 
where S is the set of all Legendrian curves L C M isotopic to R. 

It is clear that the number t(^) does not depend on the choice of R, and is an 
isotopy invariant of , therefore it defines a function 

t: Tight (M) ^ Z<o. 

Seifert fibred manifolds over a surface of genus g > have a distinguished 
family of coverings: namely, the coverings induced by a covering of the base. 

Definition 2.2 A tight contact structure on a Seifert fibred manifold M is 
of generic type if it remains tight after pull-back with respect to any covering 
of M induced by a finite covering of the base. A tight contact structure on 
M is exceptional if it becomes overtwisted after pull-back with respect to any 
covering of M induced by a finite covering of the base. 
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We denote the set of the isotopy classes of the generic tight contact structures 
on M by Tighto(M). 

In the following theorem Tg will be a dividing set on with = 2 and 
slope s. Every rational number — 2 < — 1 has a unique finite continued fraction 
expansion 



dn 

with < — 2 for i > 0. We denote this expansion by — | = [do, ... , dn] ■ 

Theorem 2.3 All tight contact structures on M(eo,r) are either of generic 
type or exceptional. There exists a map 

bg: Tighto(M(eo,r)) ^Tighto(r(eo)) 

such that, given S,o G Tighto(T(eo)) , 

• bg-H^o) = ^ ift{Co)<-l, 

• bg^^((,o) is in natural bijection with Tight(Z)^ x S^, A(r)~^T i ) and 

has cardinality \{do — t(^o))(^^i + 1) • • • {dn + 1)1 , wliere [do, . . . , dn] is the 
continued fraction expansion of if t{^o) > 

The exceptional tight contact structures exist only when cq > and all have 
maximal twisting number t = 0. Their number is always finite and is 

. 2|(do + l)...(4 + l)| ifeo > 2, 

. \{do- l)(di + 1) . . . (4 + 1))| if eo = 2, 

. |di(d2 + l)...(4 + l)| if eo = 1. 

The last expression has to be interpreted as 2 when — ^ = do G 

The map bg is constructed by removing a tubular neighbourhood of the singu- 
lar fibre V such that —d{M{eo,r) \ V) is convex with slope and glu- 
ing X with the unique tight contact structure with boundary slope 
to —d{M{eo,r) \ V) via the identity map. The identification of bg~^{^Q) 
with Tight(Z)^ x S^, A(r)^^T i ) is given by the restriction (M{eQ,r), 

C|y)- The fact that the map bg and the restriction (M(eo,r), ^) i-^ {V, ^|v) 
are well defined up to isotopy is part of the statement. Theorem 12.31 exhibits 
each generic tight contact structure on M(eo,r) as a contact surgery in the 
sense of fB] on a generic tight contact structure on T(eo). Moreover, the con- 
dition t{^o) > — f implies that it is a negative contact surgery, which means 
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that the surgery coefficient, calculated with respect to the contact framing, is 
negative. The expression for the cardinality of bg~^{(,Q) is a consequence of the 
following lemma, which is simply the classification of tight contact structures 
on solid tori 22^, Theorem 2.3 applied to after a change of coordinates. For 
benefit of the reader we sketch here how to deduce this lemma from Honda's 
Theorem. 

Lemma 2.4 Tight(D^ x S^, A(r)~^r i ) is a nonempty finite set with car- 
mo) 

dinality 

|Tightp2 ^ ^1^ A{ry^T^)\ = \{do- t(eo))(di + 1) . . . (dn + 1)|, 
where [do, . . . is the continued fraction expansion of 

Proof Let r' = - — j so, by a direct check, A(r)~^r i and A{r')~^r_i 

-+t{£,)+l t(5Q) 

have the same slope s' . By [S], proof of Proposition 3, if —A- has the contin- 
ued fraction expansion —p = [dg, . . . ,d'^], then s' has the continued fraction 
expansion s' = [r^, . . . , rg + 1] . By [22j, Theorem 2.3, 

|Tight(D2 ^ ^(r)~ir 1 )| = IK + m'l + 1) . . . « + 1)1 

h5o) 

provided that s' < —1. As = do — + 1) d'^ = di for i > 0, we have 

s' <dn + l<-l and + 1) . . . (d; + 1)1 = |(do - t{ia)){di + 1) . . . K + 

1)|. □ 



3 Tight contact structures on r(eo) 

The tight contact structures on T(eo) have been classified in and in P^ . 
The material in this section is taken primarily from [^, adapting statements 
and notation to our purposes. In order to fix terminology and notations, we 
start with a digression about characteristic foliations on tori in tight contact 
manifold before focusing on the classification of tight contact structures on 

r(eo). 

3.1 Characteristic foliation on tori 

If T is a convex torus in a tight contact manifold (M, ^) , by Giroux's Tight- 
ness Criterion [221 Lemma 4.2, its dividing set Tt contains no dividing curve 
bounding a disc in T, therefore it consists of an even number of closed, parallel, 
homotopically non trivial curves. 
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Definition 3.1 If 7 is a dividing curve of T, we call the quantity s{T) = [7] G 
¥{Hi(T,Q)) the slope of the convex torus T. 

The choice of an identification T ^ M^/Z^ gives an identification F{Hi(T, Q)) ^ 
Q U {00}, hence we will more often see the slope as a rational number. 

Definition 3.2 We call the division number of T the number div(T) = ^^Tt- 
If div(T) = 1 we say that T is minimal. 

Given a dividing set Tt on a torus T in a tight contact manifold, there is a 
canonical family of characteristic foliations adapted to Tt- Fix a slope r 7^ s(T) 
and consider on T the singular foliation consisting of a 1 -parameter family 
of closed curves with slope r, called Legendrian rulings, and a closed curve 
of singularities with slope s(T) called Legendrian divide in each component of 
T\T'r- See Figure ITT] for an illustration. A torus with a characteristic foliation 
of this type is called a convex torus in standard form, or a standard torus. 



Figure 3.1: Characteristic foliation on a convex torus in standard form with vertical 
Legendrian ruling and two horizontal Legendrian divides 

As an immediate consequence of Giroux's Flexibility theorem, any convex torus 
T with slope s(T) in a tight contact manifold can be put in standard form with 
ruling slope r by a C^-small perturbation, provided that r 7^ s(T). 

Sometimes we will need to consider non convex tori of a particular kind. 

Definition 3.3 A pre-Lagrangian torus is a torus embedded in a contact man- 
ifold, whose characteristic foliation after a change of coordinates is isotopic to 
a linear foliation with closed leaves. 

Suppose we have chosen coordinates on a neighbourhood of a pre-Lagrangian 
torus T so that T = {y = 0}, and the characteristic foliation of T has slope 
0. Then the contact form in a neighbourhood of T is given by dz — ydx. Pre- 
Lagrangian tori can be perturbed into convex tori, as explained in the following 
lemma. 
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Lemma 3.4 Let T be a pre-Lagrangian torus whose characteristic fohation 
has closed leaves with slope s. Then, for any natural number n > 0, T can 
be put in standard form with 2n dividing curves with slope s by a C°° -small 
perturbation. 

Proof Let T be the given pre-Lagrangian torus. Put coordinates (x, y, z) G 
M/Z X I X M/Z in a tubular neighbourhood iV of T such that T = {y = 0} and 
the contact form is a = dz — ydx, then consider the embedding i : T"^ ^ N 
given by i : {u,v) i— > {u, es'm{2TTnv),v) . After identifying with the image of 
i, the characteristic fohation is given by the form i*a = dv — €s'm(2iTnv)du. 

Fix the area form lo = du A dv on T^, then the characteristic fohation is 
directed by a vector field X such that i-xi^) = Since Lxuj = di*a = 

2Trne cos{2Trnv)du A dv, the set T = {Lx(jJ = 0} consists of 2n parallel simple 
closed curves with slope 0. The vector field X expands lo where Lxto is a 
positive multiple of to , and —X expands uj where Lxi^ is a negative multiple 
of oj, therefore, by ^S] Proposition n.2.1, T is dividing set for the characteristic 
foliation of T. □ 



3.2 Tight contact structures with t < 

Theorem 3.5 (|^, Lemma 2.7) If cq < 0, then on T(eo) there are |eo — 1| 
distinct tight contact structures with t <0. 

By a direct check of the definition of such tight contact structures, see |23j . 
Case 9, it follows that only 2 of the |eo — 1| are universally tight, but all remain 
tight if lifted to a covering of T{eo) induced by a finite covering of the base . 

Theorem 3.6 The tight contact structures with t < on T(eo) , wiien cq < 0, 
are Stein fillable. 

Proof In Gompf constructed |eo — 1| Stein fillings of T(eo) when cq < 0: 
see [20] , Figure 36 (c) for a surgery presentation of the Stein filling of T(0) = T^ . 
When eo < — 1, the Stein fillings of T(eo) are obtained by Legendrian surgery 
on a stabilisation of the knot in (JOj, Figure 36(c). All the Stein fillings obtained 
in such way are diffeomorphic to the disc bundle over with Euler class eo , 
but their complex structures have different first Chern classes determined by 
the rotation number of the Legendrian knot, as shown in [2111, Proposition 2.3. 
The tight contact structures induced on the boundary are pairwise non isotopic 
by [2ni, Corollary 4.2. 
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To prove Theorem 13 .61 we need to show that the |eo — 1| tight contact structures 
on T(eo) induced by the different Stein structures described above have t < 0. 
Let W be the disk bundle over T'^ with Euler class cq, and D C W a fibre 
with Legendrian boundary dD = K . The slice Thurston-Bennequin invariant 
tboiK) G Z is defined in Definition 3.1 as the obstruction to extending the 
positively oriented normal of the contact structure restricted to to a nowhere 
vanishing section of the normal bundle oi D. It can be defined equivalently as 
the twisting number of K computed with respect to the framing induced on K 
by the restriction of a nowhere vanishing section of the normal bundle of D. 
The framing on the normal bundle of D induced by the disc bundle structure 
over W restricts to the framing on the normal bundle of dD = K d r(eo) 
induced by the circle bundle structure on T{eo) . 

The bundle framing of K coincides with the canonical framing, therefore the 
Thurston-Bennequin number tho{K) and the twisting number tb(-ftr) defined 
by the canonical framing coincide. By the slice Thurston-Bennequin inequality 
j29j . Theorem 3.4 tb^iK) < —1 for any Legendrian knot K in (T(eo), £,) 
smoothly isotopic to a fibre of T(eo), therefore t(^) < 0. On the other hand 
there are exactly |eo — 1| tight contact structures on T(eo) with t < 0, so any 
tight contact structure on r(eo) with t < must be Stein tillable for cardinality 
reasons. □ 

For n € N"^ , let C,n be the tight contact structures on defined as 
Cn = ker(sin(27rn2;)(ix + cos(27rn2;)(iy). 

Theorem 3.7 (Giroux, |^) For any n £ N^, the contact structure is 
universally tight and weakly symplectically hllable. Moreover (T^, is con- 
tactomorphic to (T^, Cm) if Sind only if n = m. 

Theorem 3.8 (|2H]) Theorem 0.1) Any tight contact structure ^ on is 
contactomorphic to Cn for some n . 

Corollary 3.9 All tight contact structures on are universally tight and 
weakly symplectically BUable. 

Take a primitive vector (ci, C2, C3) E with C3 7^ and complete it as the third 
row of a matrix $ € SL[3,Z). The isotopy class of ^^^Cn does not depend 
on the choice of the first and second rows of $ because the stabiliser of Cn in 
S'L(3, Z) acts transitively on them: see |28| Theorem 0.2. 
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Definition 3.10 Let (ci, 02,03) S be a primitive vector and let n be a 
positive natural number. We set C{n,ci,c2,c3) = ^*Cn- 

By jlH], Theorem 7.6, t(C{n,ci,c2,c3)) = -{ncsl- 

Theorem 3.11 f|23j. Lemma 2.6) The tight contact structures C(n,ci,c2,c3) 
and C(n',c'^,ci,,4) s-^e isotopic if and only if n = n' and (ci, C2, C3) = ±(c']^, €2,03) . 
Moreover, any tight contact structure ^ on with t(^) < is isotopic to 
C{n,ci,c2,c3) for some (n, 01,02,03) with C3 / 0. 

Theorem 3.12 (jlS]) Section 2.5 Case 5) If cq > there is no tigiit contact 
structure ^ on T(eo) with t(,^) < 0. 

3.3 Tight contact structures with t = 

Theorem 3.13 f|23j. Section 2.2 and Lemma 2.5) The universally tight con- 
tact structures on T{eo) with maximal twisting number t = are in bijection 
with the set N+ x ¥{Hi{T'^;Q)) . 

The bijection in the theorem is given in the following way. r(eo) is also a 
r^-bundle over . Consider a convex T^-fibre with infinite slope (i.e. whose 
dividing curves are isotopic in r(eo) to S'^-fibres) and cut T{eo) along it obtain- 
ing a T^ X I with infinite boundary slopes. Make the boundary of x / stan- 
dard with horizontal ruling, and take a convex horizontal annulus A dT'^ x /. 
Gluing the boundary components of A together, we obtain a torus T with a 
multicurve Tt- Let n = div(r) € N+, and s G P(Fi(r2;Q)) the class of a 
connected component of Ft, then (n, s) is the element in N"*" x P(Hi(T^;Q)) 
associated to the tight contact structure on T(eo) • 

Theorem 3.14 ([5^, Proposition 16) The universally tight contact structures 
on T(eo) with maximal twisting number t = are all weakly symplectically 
tillable. 

Remark When eo = 0, i. e. when T(eo) = T^ , the maximal twisting number 
t refiects no geometric property of the tight contact structure, but depends only 
on the choice of a bundle structure T^ — > . 

For T^ we have 

Tight(T3) ^ N+ X P(F2(r^Q)). 
Algebraic & Geometric Topology, Volume 5 (2005) 



Tight contact structures on Seifert manifolds over 



795 



A tight (T^, ^) corresponds to (n, [T]) such that ^ is contactomorphic to 
and [T] is the unique homology class represented by a pre-Lagrangian torus 
in (T^, The set N+ x P(i7i(r2;Q)) of the isotopy classes of the tight 
contact structures on with maximal twisting number t = embeds into 
N+ X ¥{H2{T^;Q)) as N+ x H, where H C ¥{H2{T^;Q)) is the hyperplane of 
the homology classes represented by the fibred tori. 

Theorem 3.15 (|23j. Proposition 2.3) There exist virtually overtwisted con- 
tact structures with t = on T(eo) only when cq > 1. There is one if sq = 2 
and two if cq > 2. 

The virtually overtwisted contact structures with maximal twisting number 
t = become overtwisted when pulled back to any covering of T'(eo) induced 
by a covering of the base and, by (2Qj, are not weakly symplectically fillable. 

4 Construction of the tight contact structures on 

M(eo,r) 

4.1 Thickening the singular fibre 

Lemma 4.1 If ^ is a tight contact structure on M{eQ,r) with maximal twist- 
ing number t(^) , then there exists a neighbourhood V of the singular fibre F 
such that —d{M{eo,r) \ V) is convex with slope . Moreover: 

(1) Ifeo < 0, then t(0 > -1- 

(2) If eo = 0, then t{0 > -7. 

(3) If eo > 0, then t{C) = 0. 




Figure 4.1: How to cut M\{VLi U) 
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Proof In the following, we will call M = M{eQ,r). After an isotopy, we can 
find a Legendrian regular fibre R with twisting number t(^) . The singular fibre 
F can be made Legendrian with a very low twisting number n. We choose a 
standard neighbourhood F of F such that —d{M \ V) has slope 



where ^ = r and a' , P' are defined by < a' < a and a'f3 — a/3' = 1 . 

If t(^) = 0, choose a convex annulus A so that one boundary component is a 
Legendrian ruling curve of d{M \ V) and the other one is the Legendrian fibre 
R with twisting number t{(,). By the imbalance principle j22] Proposition 3.17, 
we can perturb A so that it contains a bypass attached to dV . By using this 
bypass we can thicken V as far as there are singular points on dA, therefore 
we eventually get a solid torus V with infinite boundary slope. 

When t{^) < 0, we choose a standard neighbourhood U oi R such that —d{M\ 
U) has boundary slope su = — eo + • In the convex annuli in figure 14.11 
whose boundary components are Legendrian ruling curves of d{M \ U) , all the 
dividing curves go from one boundary component to the other one, otherwise 
there would be a bypass attached vertically to U which would increase the 
twisting number of R by the twisting number lemma. When we cut M\(UL)V) 
open along these two annuli, we obtain a thickened torus with corners as shown 
in figure 

From slope cq — on d{M \ U) by [HI, Lemma 3.11 we get, after rounding 
the edges, slope cq + , so the thickened torus we have obtained has boundary 

slopes So = sv < —r and si = eo + ■ If eo + > — r , we have si > so and 
there is an intermediate torus with infinite slope by Proposition 4.16. This 
torus would contradict the assumption about the maximality of the twisting 
number t{^) of R, therefore eo + < —r. This implies that if eo > 

than t{^) = 0. If eo + = —r, there is an overtwisted disc in a tubular 
neighbourhood of the singular fibre with boundary on a Legendrian divide with 
slope — r. We now divide into cases according to the sign of eo. 

(1) If eo < 0, then eo + ^ < — 1 < — r, therefore there is always an inter- 
mediate torus with slope —1 which forces the maximal twisting number 
t(^) to be greater than or equal to —1. 



-np - 13' 
na + a' 




a a{na + a') 



1 




(2) Ifeo = 0,then 



1 



< — r. 
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In cases 1 and 2 we can find an intermediate convex torus with slope 
because ^ G [eo + j^, —r) , and this torus bounds a neighbourhood V of the 
singular fibre F such that —d{M \ V) has slope □ 




Figure 4.2: The thickened torus with corners 

Definition 4.2 Let {M{eQ,r), ^) be a tight contact manifold with maximal 
twisting number t{(,), and let y be a tubular neighbourhood of the singular 
fibre F as in Lemma l4.1l such that —d{M\V) has slope . Then the contact 
manifold {M{eo,r)\V, C\M{eo,r)\v) '^iH be called a background oi (M(eo,r), ^). 

Definition 4.3 If is a contact structure on M \ y and is a contact 
structure on V which match along the boundary, we will denote the glued 
contact structure on M by £,o{r]) . 

Generally, on a manifold with nonempty boundary we consider tight contact 
structures up to isotopies fixed on the boundary. On the contrary, in the classifi- 
cation of the backgrounds we will allow isotopies to move the boundary because 
of the following lemma. 

Lemma 4.4 Suppose that and ^2 are tight contact structures on M and 
V G M is a solid torus with convex boundary with respect to both ^1 and 
^2- If ^i\m\v isotopic to ^2\m\v isotopy not necessarily fixed at the 

boundary, and ^i\v is isotopic to ^2\v j then the contact structures and ^2 
are isotopic. 

Proof Let (j)s be the isotopy of M \ 1^ such that (j)Q is the identity and 
i4'i)*{^i\M\v) = ^2\m\v- We can extend (j)s to (ps on all of M so that 0o 
is the identity on M and consider {4>i)*{Ci)- By construction, (<?!'i)*(Ci|m\v) = 
^2\m\Vj by the classification of tight contact structures in [22], {4'i)*{^i\v) 
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is isotopic relative to the boundary to S,2\v because they have the same bound- 
ary slope and the same relative Euler class. Let tpg be an isotopy between 
them, and tps its extension to M by putting it constantly equal to the identity 
outside V , then (pg o il^g is an isotopy between and ^2- □ 

4.2 Tight contact structures with t < 

In this section we present all tight contact structures ^ on M{eQ,r) with t(^) < 
as negative contact surgery on fillable contact structures on r(eo) . This result 
is obtained by showing that the background of (M(eo, r), ^) is contactomorphic 
to the complement of a standard neighbourhood of a vertical Legendrian curve 
in r(eo). For conciseness of notation, in the following we will often write M 
instead of M(eo,r). 

Proposition 4.5 The background (M \ V, CIm\v') ^ith maximal 

twisting number < and integer Euler number cq = is contactomor- 
phic to the complement of a standard neighbourhood of a vertical Legendrian 
curve with twisting number t{^) in (T^, C{n,ci,c2,c3)) for some (n, 01,02,03) € 
N+ X P(i?2(r3,Q)). Moreover, (n, 01,02,03) is uniquely determined by the di- 
viding sets of two non-isotopic, incompressible standard tori intersecting along 
a common vertical Legendrian ruling curve with twisting number t(^) . 

Proof We choose a vertical Legendrian curve R with twisting number t(^) 
in M \ V , and two standard tori Ti and T2 intersecting along R as in the 
statement. Let be the division numbers and let ^ be the slope of Tj. 
These numbers satisfy the relations —riiqi = t{^) for i = 1,2 because th{R) = 

-\\Rf^VT^. 

Take a small standard neighbourhood U of R such that Tj n dU is Legendrian. 
After cutting {M\VUU) along the two annuli Ti\U and rounding the edges as 
shown in Figures l4. II and 14.21 by ^2^, Lemma 3.11 we obtain a thickened torus 
X I with minimal boundary and boundary slopes . This thickened torus 
is nonrotative, otherwise an intermediate standard torus with slope — r would 
produce an overtwisted disc. By j^l) Lemma 5.7, up to an isotopy which fixes 
one boundary component, there is a unique nonrotative tight contact structure 
on X / with minimal boundary and boundary slopes , therefore there is 
at most one tight contact structure on M \ V which induces on Tj a dividing 
set with division number nj and slope — for i = 1,2. 
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Let n = (ni,n2) be the greatest common divisor and set ci = — C2 = 
_n2p. Q^^d = -^s their greatest common divisor is (01,02,03) = 1, we 

can complete (ci C2 C3) to a matrix 

(0-1 02 asX 
61 62 63 e SL(3,Z) 
Cl C2 C3 / 

Fix coordinates (x, y, z) on T^, and consider the contact structure ^(n,ci,c2,c3) — 
^^^Cn- Wc claim that (M \ C\m\v) is contactomorphic to the complement 
of a standard neighbourhood of a vertical Legendrian curve in (T^, C(n.ci,c2.cj)) • 
In order to prove the claim, it is enough to show that the linear torus Ti C 

(^^) C(n Cl C2 C3)) generated by and has division number ni and 

0/ \l J 



slope 2^, and the linear torus T2 C (T^, ^(n,ci,c2,c3)) generated by I 1 j and 







I has division number 77,2 and slope ^ . Equivalently, we can work with 











j and 1 











for i = 1, 2. Since 

Ci for i = 1, 2, 3, there is a linear combination X of ^ and ^ transverse 
to both A(Ti) and ^(12). X is a contact vector field of {T^,Cn) for each n, 
and the set T, = {p E \ X{p) e Cn{p)} consists of 2n parallel copies of a 
horizontal torus of the form {z G Z} . 

The embeddings ij : ^ induced by the embeddings Tj : M.'^ —>■ M.^ given 

by 

ubz + vbi 

UC3 + VCi 

are parametrisations of A{Ti) , for i = 1,2. The dividing set ^A{Ti) = '^(^A(Ti) 
is the image of 2n parallel copies of the set 

rij/n 

{vci + UC3 eZ} = 11 {-vpi + uQi e — Z}, 

j=0 

which in turn consists of ^ parallel copies of a curves with slope ^ , therefore 
the dividing set ^A(Ti) is ttie same dividing set induced by £,\m\v on T,. □ 
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Theorem 4.6 Any tight contact structure ^ on M{0,r) with t{^) G (— ^,0) 
is a negative contact surgery on a vertical Legendrian curve with twisting num- 
ber t{^) in (r^, ^(n,ci,c2,c3)) for some (n, ci, C2, C3) . Conversely, any contact 
structure C{n,ci,c2,c3)('7) on M(0, r) obtained by negative contact surgery on 
{T^, ^(n,ci,c2,c3)) is tight. 

Proof The first half of the theorem comes from the previous proposition and 
from — i < t{^). All contact structures '^(n,ci,c2,c3)(^) obtained by negative 
contact surgery on (T^, C(n,ci,c2,c3)) tight because all tight contact structures 
on are weakly symplectically fillable by Corollarv □ 

Theorem 4.7 Let ^(n,ci,c2,c3)iv) be a tight contact structure on M(0,r) ob- 
tained by negative contact surgery on a vertical Legendrian curve in the tight 
contact manifold (T^, (,{n,ci,c2,cs)) ■ Let vr*^(„ ci,c2,c3)(^) be the contact struc- 
ture on M(0, r, ... ,r) obtained as pull-back of £.(n,ci,c2,c3)iv) with respect to 
the Enite covering 

vr: M(0,r, ... ,r) M(0,r) 
induced by a finite covering of . Then TT*^(n,ci,c2,c3){'n) ^'s tight. 

Proof Let ^(n.ci,c2,ca) be the pull-back of S,{n,ci,c2,c:i) with respect to the the 
finite covering of induced by the finite covering of T^. By construction, 
7r*^(n,ci,c2,c3)(^?) is the contact structure f(n,ci,c2,c3)('?! •••>??), obtained by neg- 
ative contact surgery along a finite number of fibres of . 

The contact structure C2 C3) is tight because all tight contact structures on 
are universally tight, so it is also weakly symplectically fillable by Corollary 
13.91 The contact manifold (M(0, r, . . . , r), C(n,ci,c2,c3)(^) • • • 1 v)) is obtained by 
negative contact surgery on a weakly symplectically fillable contact manifold, 
therefore it is tight. □ 

Proposition 4.8 Let ^ be a tight contact structure with maximal twisting 
number = — 1 on the Seifert manifold M = M(eo,T) with integer Euler 
number cq < 0. Tiien any background {M \ V, 6.\m\v) contactomorphic to 
the complement of a standard neighbourhood of a vertical Legendrian curve 
with twisting number —1 in (T(eo), ^0); where ^0 Is a tight contact structure 
with t(^o) = -1- 

Proof Let T C M \ y be a standard vertical torus so that the manifold 
M \(T UV) is diffeomorphic to x 5^ , where Sq is a pair of pants. We can 
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assume that T has vertical Legendrian ruhng and its dividing set intersects the 
Legendrian ruhng curves in two points. If this were not the case, an annulus A 
between a Legendrian ruhng curve of T and a Legendrian ruhng curve of d{M\ 
V) would give a bypass along T by the Imbalance Principle |2H Proposition 
3.17, therefore we could decrease the number of intersection points between the 
dividing set and the Legendrian ruling curves of T . 

Let r+ and r_ be the boundary tori of d{M \ {V L) T)) corresponding to T . 
^\m\{vut) is a tight contact structure with boundary slopes 1 on d{M \ V), 
n on T+, and —n + cq on T_ . Since the sum of the slopes is 1 + eo < 
and there are no vertical Legendrian curves with twisting number 0, by |23j . 
Lemma 5.1 case 4(b), there are 1 — eo tight contact structures on Sq x with 
those boundary slopes. Such contact structures are constructed by removing a 
standard neighbourhood of a vertical Legendrian curve with twisting number 
— 1 from a minimally twisting x I with boundary slopes n — eo and n. Note 
here the effect of the orientation reversing identification T^=T^x {0} on the 
slope. We can also assume that the standard neighbourhood of the vertical 
Legendrian curve is removed from an invariant collar of the boundary. 

To have M back from M \ T, we glue to — T_ by the map j4(eo) = 

, therefore, by comparing with the construction in |2SI) section 2.5, 

case 9, (M \ V, Cm\v) is the complement of a vertical Legendrian curve with 
twisting number —1 in a circle bundle over the torus with Euler class eo with 
a tight contact structure with maximal twisting number t = —1. 

Given any slope s G T_), s(r+)], we can find a convex torus T' C Af \ (TU 
V) with slope s such that T_ and T' bound a thickened torus x [0, ^] C 
M\{TUV). Choose s = n-l, then remove x [0, i] from M\T and glue it 
back with ^(eo) to the front, so that M\T' has boundary slopes n — eo — 1 and 
n — 1 . Here one component of d{M \ T') is oriented with the outward normal 
and the other one with the inward normal. In a similar way we can replace n 
with n + 1 , so we have proved that the tight contact structure on M does not 
depend on n. □ 

Conversely, given any tight contact structure ^„ on T(eo) with = —1, for 
n G Z/(l — eo)Z any negative contact surgery (M(eo,r), ^niv)) is tight. 

Theorem 4.9 Let eo < 0. Any tight contact structure with t = —1 on 
M(eo,r) is negative contact surgery on a tight contact structure with t = —1 
on T(eo) • Conversely, given any tight contact structure ^„ on T{eo) with 
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= —1, for n G Z/(l — eo)Z any negative contact surgery {M{eo,r), S,niv)) 
is tight. 

Proof Any tight contact structure with t = —1 on M(eo, r) is negative contact 
surgery on a tight contact structure ^„ with t = —1 on T(eo) because — ^ < 
— 1. Conversely, any negative contact surgery on (T(eo), (,n) is tight by [01, 
Proposition 3 because (T(eo), Cn) is Stein tillable. □ 

Theorem 4.10 Let T^*in{'>l) be the contact structure on M{keo,r, ■ ■ ■ ,r) ob- 
tained as puU-back of ^n{i]) with respect to a degree k finite covering 

vr: M{keo,r, . . . ,r) ^ M{eo,r) 

induced by a covering of . Then vr*,^„(r/) is tight. 

Proof By construction, vr*^„(r/) = ,^„(r/, . , 77) , where is the pull-back of 
to T{keo). By ^23|, Section 2.5, Case 9, is a tight contact structure with 
maximal twisting number t(^n) = — Ij hence it is Stein fillable by Theorem 
13.61 The contact manifold {M{keo,r, . . . , r), ^„(7/, . . . , 77)) is tight because it 
is obtained by negative contact surgery on the Stein fillable contact manifold 
iT{keo),L). □ 



4.3 Tight contact structures with t = 

In this subsection we construct all tight contact structures ^ on M(eo,r) with 
maximal twisting number t(^) = 0. By Lemma l4.ll there is a tubular neigh- 
bourhood V of the singular fibre such that —d{M{eo,r) \ V) is a convex torus 
with infinite slope. M(eo, 'f)\V is diffeomorphic to S x 5"^ , where S is a punc- 
tured torus. We will abusively identify E with the image of a section S — > S x 5^ 
and assume it is convex with Legendrian boundary and ^F-minimising in its 
isotopy class. 

The dividing set Fx; of S consists of one arc with endpoints on dTi and some 
simple homotopically nontrivial closed curves. 

Definition 4.11 We define an abstract dividing set on an oriented surface T, 
as a multicurve Fs together with a map 7ro(S \ F^) {+, — } such that any 
connected component of Fs belongs to the boundary of both a positive and a 
negative region. We say that an abstract dividing set is tight if its underlying 
multicurve does not have closed, homotopically trivial connected components. 
We say that it is overtwisted if it is not tight. 
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In the following, we will almost always use the same symbol for both an abstract 
dividing set and for its underlying multicurve. However, we will always specify 
what we are referring to, whenever it is relevant. 

Definition 4.12 Given an abstract dividing set Fx; on S, we denote by 
the S*^ "invariant contact structure on S x 5^ which induces the dividing set 
Ts on a convex ^F-minimising section. 

By Giroux's tightness criterion, |23] Lemma 4.2, is tight (and in fact univer- 
sally tight) if and only if is a tight abstract dividing set. By Section 4.3, 
{M{eo,r) \ V, S,\M(eo,r)\v) is contactomorphic to an 5"*^ -invariant tight contact 
manifold (S x S^, Cr^)- We call rj = and ^ = Cr^iv)- 

We recall that we have chosen the basis on —d{M(eo,r) \ V) so that dT, has 
slope Co and the fibres have infinite slope and the basis on — 9(S x S^) so that 
95] has slope and the fibres have infinite slope. 

Proposition 4.13 Let he a tight contact structure on M{eQ,r) with maxi- 
mal twisting number t{^) = and fix a diffeomorphism M\V = TiX so that 
T, is -minimising. If cq < 0, then has no boundary paraUel dividing 
curves. If cq > and has a boundary paraUel dividing curve, then #F = 1. 

Proof If F contains a boundary parallel dividing arc, then there is a singular 
bypass on S by 22 , Proposition 3.18. By 22., Lemma 3.15, attaching this 
bypass to —d{M \ V) we thicken V to V so that —d{M \ V') has slope cq. 
If #r > 2, and p £ T, belongs to some other dividing curve, then {p} x 5^ is 
a Legendrian fibre with twisting number because C\m\v is S*^ -invariant by 
j23j . section 4.3. Applying the Imbalance principle, Proposition 3.17, we 
use this curve to find a vertical bypass attached to d{M \ V') . The attachment 
of this bypass gives a further thickening of V to V" so that —d{M \ V") has 
infinite boundary slope again. By |22j. Proposition 4.16, there is a standard 
torus with slope — r in V" \ V . This torus produces an overtwisted disc. 

If = 1, we pick a simple closed curve C C T\V' which does not disconnect S 
and is disjoint from the dividing curve. By the Legendrian Realization Principle, 
|22j . Theorem 3.7, we can arrange the characteristic foliation on E so that C is 
a closed leaf. Because of the 5^ -invariance of i\M\v ■> CxS^ is a pre-Lagrangian 
torus with slope 0. By Lemma 13.41 we can perturb this torus in order to obtain 
a convex torus T in standard form with slope and two dividing curves. The 
torus T can be assumed to be disjoint from V' because C is disjoint from the 
boundary parallel dividing arc producing the bypass. 



Algebraic & Qeometric Topology, Volume 5 (2005) 



804 



Paolo Ghiggini 



If we cut M\V' open along T, we obtain T,qX , where Sq is a pair of pants, 
and all the three boundary tori have slope calculated with respect to the 
product structure on T,qX . Let T± be the two boundary tori corresponding 
to T, and take a convex vertical annulus A with Legendrian boundary between 
and r_ . If the dividing curves on A do not go from T-^ to , then there is 
a vertical bypass along T . The attachment of this bypass produces a torus T' 
with infinite slope. Using a vertical Legendrian divide of T' we can thicken V' 
to V" so that —d{M \ V") has infinite slope again, thus obtaining a standard 
torus with slope —r in V" \ V . Again, this torus produces an overtwisted disc. 
If the dividing curves on A go from one boundary component to the other, then, 
after cutting along A and rounding the edges, by P7, Lemma 3.11 we obtain 
a torus with slope —1 parallel to — 9(S x S*^) which has slope eo — 1 calculated 
with respect to the basis of —d{M \V). If eo < 0, by 22 , Proposition 4.16, 
there is a convex torus with slope — r parallel to —d{M \ V) which gives an 
overtwisted disc. □ 

Proposition 4.14 Let S he a punctured torus and T^, a tight abstract divid- 
ing set on S without boundary parallel dividing arcs. Then (S x S^, ^r^) can 
be contact embedded into a tight contact manifold (T(eo), Cr^) ^ comple- 
ment of a standard neighbourhood of a vertical Legendrian curve with twisting 
number 0. 

Proof Take a curve C C S so that C intersect each dividing arc in one single 
point. If we make C Legendrian using the Legendrian realisation principle 
j22j Corollary 3.8, the torus T = C x is in standard form with infinite 
slope because is S"^ -invariant. The contact structure restricted to 
S X S*^ \ T is still -invariant and T^^c = Ts \ C is a ^T-minimising section 
of S X \ T . Let S be the surface diffeomorphic to an annulus obtained by 
gluing a disc D to the boundary component of S \ C corresponding to 5S, 
and let be the natural extension of Ty,\c to an abstract dividing set on S . 
The S^-invariant tight contact manifold (5x5^, ^pg) is contactomorphic to an 
/-invariant tight contact structure on x / by [22j, Theorem 2.3(4) because 
Ts consists of parallel arcs joining the two different boundary components of 
S. The S*^ -invariant contact manifold {D x S^, Cvo) is a tight solid torus 
with infinite boundary slope and H'^dDxS^ — 2- By [22] Theorem 2.3 there is a 
unique tight contact structure with such boundary conditions on the solid torus, 
therefore it is contactomorphic to a standard neighbourhood of a Legendrian 
curve with twisting number 0. Gluing x {0} to x {1} with the matrix 




we get a tight contact structure on T(eo) which we call again. 
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then (S X S^, ^Ps) contact embeds in (T(eo), Crs) as the complement of a 
vertical Legendrian cm've with twisting number 0. □ 

Theorem 4.15 let Fs he a tight abstract dividing set on a punctured torus 
T, without boundary parallel dividing arcs, and let uL C (T(eo), ^Fe) he a 
standard neighbourhood of a vertical Legendrian curve L with twisting number 
0. Then, for any tight contact structure rj on x whose characteristic 
foliation on dD^ x S is mapped by 

A{r) : d{D^ x S^) ^ -d{T{eo) \ vL) 

to the characteristic foliation of — 9(T(eo) \ i^L), the contact structure CrE(^) 
on M{eo,r) is tight. 

Proof By Proposition 14.141 the contact manifold (M, ^.r^iv)) is obtained by 
negative contact surgery on (T(eo), Cr^)) which is a weakly symplectically til- 
lable contact manifold by Theorem K-i.141 because it is universally tight by S^- 
invariance. □ 

Proposition 4.16 Let and be the two tight abstract dividing sets 
on the punctured torus S with underlying multicurve Fs with no boundary 
parallel dividing arcs. Then, for any tight contact structure rj on x as 
in Theorem \4.15l {M{eo,r), ^p+(r?)) is isotopic to (M(eo,r), ■^p- (??))• 

Most of the proof of Proposition 14.161 relies on the following lemma. 

Lemma 4.17 Let be a tight abstract dividing set on T^, and 71 , 72 C 
dividing curves bounding a negative (positive) region C C T^. Given points 
Pi € 7i, for i = 1,2, the curves {p-i} x in (T^, £,r^2) Legendrian and 
have twisting number tb{{pi} x S^) =0. If Li and L2 are positive (negative) 
stabilisations of {pi} x and {^2} x respectively, then they are contact 
isotopic. 

Proof The curves {pi}xS^ are Legendrian because {T^, Cvj^i) is 5"*^ -invariant. 

Let (T^ X [0, ^) be a positive (negative) basic slice with standard boundary 
and boundary slopes sq = and si = 00, contact embedded in (T^, ^rj,2) so 

that {pi} X S'Ms a Legendrian divide of x {i} and x {0} C C x 5^ 
Make the Legendrian ruling of x {0} vertical, and consider a convex vertical 
annulus A between {pi} x C x {^}, and a vertical Legendrian ruling 
curve of x {0} . The dividing set of A consists of a single dividing arc with 
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both endpoints on X {0} , and the simply connected region oi A\Ta is 
positive (negative). Then, by [2, Lemma 2.20, a vertical Legendrian ruling 
curve of x {0} is a positive (negative) stabilisation of {pi} x . Prom the 
well-definedness up to isotopy of the stabilisation, it follows that Li is contact 
isotopic to a vertical Legendrian ruling curve of x {0} . We can repeat the 
same argument with a basic slice i(T^ x [0, ^) with the same sign and the 
same boundary slopes so that {^2} x 5*^ is a Legendrian divide of x {i} , and 
conclude that L2 is contact isotopic to a vertical Legendrian ruling of x {0} . 
Then Li and L2 are Legendrian isotopic. □ 

Proof of Proposition 14.161 Let V C M{eo,r) be a tubular neighbourhood 
of the singular fibre such that {M{eo,r)\V, Cr±(^)lAf(eo,r)\y) = (S x 5^, ^p±), 
and {V, '?p±(^)|y) is contactomorphic to (D'^ x 3^,7]). We can find a solid 

torus V C V such that —d{M{eo,r) \ V') has slope —1 because — ^ < —1. By 
DroDosition l4. 14t CSxS^, (,-p±) is the complement of a vertical Legendrian curve 

{pi } X with twisting number with pi G 71 , where 71 is the completion in 
of the dividing arc in S. Analogously, (M(eo,r) \ V', Cr±(^)lM(eo,r)\v) = 
{M{eQ,r) \ V , is the complement of a vertical Legendrian curve Li with 
twisting number —1 which is a stabilisation of {pi} x by 5J, Lemma 2.20. 
The sign of the stabilisation is determined by the sign of the basic slice V\V' . In 
order to fix the notation, let us suppose it is positive. We claim that (M(eo, t) \ 
V' , ^+) is contact isotopic to (M(eo,r) \ V' , ^-). Since our argument will be 
semi-local, we can assume without loss of generality that T{eo) is a trivial 
S"^ -bundle. 

Let 72 be another dividing curve on such that 71 and 72 bound a positive 
region. Choose a point p2 € 72 and consider the vertical Legendrian curve 
{P2} X and its positive stabilisation L2- Then the complement of a standard 
neighbourhood of L2 in (r(eo), Cp+) is contactomorphic to {M{eo,r)\V' , ^_). 
By Lemma 14.171 Li and L2 are Legendrian isotopic, therefore, by j^. Theorem 
2.12, there is a contact isotopy ipt : (r(eo), ^p+) — > (T(eo), '^p+) such that cpo = 
id and ipi{Li) = L2. This implies that ipi{M{eo,r)\V') is the complement of a 
standard neighbourhood of L2, so (<^t |M{eo,r)\y )*?r+ ^ 1-parameter family 
of contact structures on M{eo,r) \ V' all with the same boundary condition 
joining ^+ to ^_ . By Gray's Theorem, this implies that (M(eo,r)\y, ^-|-) and 
(M(eo,r) \ V' , ^_) are contact isotopic. □ 

Theorem 4.18 Let 7r*^rs(^) the contact structure on M{keo,r, . . . ,r) 
obtained by pull-back of Cr^iv) with respect to a degree k finite covering 

vr : M{keo,r . . . , r) ^ M(eo, r) 
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induced by a covering of . Then vr*^rs (^) tight when > 1 and is 

overtwisted when = 1. 

Proof By construction, iT*^rs iv) = {'n-> ■ ■ ■ iV) i where is the puh-back of 
Fs with respect to the finite cover of (we remind that the inclusion t: S — > 
can be hfted to an inclusion 7: S — > T^). If t^Fs > 1, then Fs contains no 
boundary parallel arcs. In this case, Fg does not contain boundary parallel di- 
viding curves either, then the contact manifold {M{keo,r, . . . , r), • • • , v)) 
is obtained by negative contact surgery on the weakly symplectically tillable con- 
tact manifold {T{keo), (,r^), therefore Crg(f?, • • • iV)) is tight. If #Fs = 1, then 
Fg consists of k boundary parallel arcs, one for each boundary component of 
S . When #F > 1 a boundary parallel dividing arc produces an overtwisted disc 
as in the proof of Proposition 14.131 therefore ^rg(f?) ■ ■ ■ , ??)) is overtwisted. □ 

5 Classification of the generic tight contact struc- 
tures 

5.1 Tight contact structures with t < 

Theorem 5.1 Let cq < 0. The tight contact manifolds (M(eo,r), S,n{v)) 
and (M(eo,r), Cmiv')) obtained by negative contact surgery on (T(eo), Cn) and 
(T(eo), ^m) respectively are isotopic if and only if m = n and rj is isotopic to 
rj' relative to the boundary. 

Proof By Theorem 13.51 there are |eo — 1| choices for the background and by 
Lemma l'2.41 there are |(do + !)..• (dfc + 1)1 choices for rj. On the other hand. 
Theorem 5.4 in 20 shows how to produce Stein fillings {W, J) for M{eo,r). 
As a smooth manifold, W is the same for all the Stein fillings, and choosing 
all possible rotation numbers in the Legendrian realisation of the surgery link 
presenting W , by |20j, Proposition 2.3, we obtain |(eo — l)(do + 1) . . . {do + k)\ 
Stein structures on W with different ci(J). By 29;, Corollary 4.2, these Stein 
structures induce |(eo — l)(do -|- 1) . . . {do + k)\ mutually non isotopic tight tight 
contact structures on T{eo)- □ 

Now we turn our attention to the tight contact structures on M(0, r) with 
t < 0. The result proved here is a generalisation of Theorem 4.7 in for 
the part concerning the distinction of the tight contact structures obtained by 
negative contact surgery on T^ . We start with a preliminary digression about 
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negative contact surgery on nonrotative tight contact structures on x I . We 
fix a -bundle structure x I ^ x I and, consequently, a Seifert fibration 
M' ^ X I with one singular fibre F on any manifold M' obtained by surgery 
along a fibre of x I . 

Proposition 5.2 Let ^ be a nonrotative tight contact structure onT^ x I and 
r a rational number such that — ^ < t{0- ^ ^ -^j ^'e a vertical 

Legendrian curve with twisting number tb{L) = t{^) and (M', ^(r/)) a contact 
manifold obtained from (T^ x I, ^) by contact surgery along L with surgery 
coefEcient with respect to the canonical framing. Then ^{rj) is tight and 
any two properly embedded convex vertical annuli Aq , Ai with common Legen- 
drian boundary are contact isotopic, possibly after perturbing the characteristic 
foliation of Ai. In particular, Is isotopic to and C{'I])\m'\a^ is isotopic 
to rj for i = 0, 1 . 

Proof The contact structure ^(77) is tight by 0, Proposition 3 because (T^ x 
/, ^) can be contact embedded into a weakly symplectically fillable contact 
manifold. 

First we prove that, if ^0 and Ai are disjoint from the surgery support, then 
Taq is isotopic to Tai ■ In this case, we can think of ^0 and Ai also as convex 
annuli in (T^ x /, ^) . Passing to a finite covering in the horizontal direction, 
we can assume that ^ is nonrotative with integer boundary slopes, therefore, 
by Lemma 5.7, Taq is isotopic to . 

Now we turn to the proof of the general case. We can assume without loss 
of generality that one of the two annuli, say Aq, is disjoint from the surgery 
support. If this is not the case, we introduce a third annulus A2 disjoint from 
the surgery support and isotope Aq to A2 first, and then isotope A2 to Ai . By 
Isotopy discretisation |25j . Lemma 3.10, there is a sequence of convex vertical 
annuli Aq, . . . , A±, . . . , An = Ai all with the same Legendrian boundary such 
that At+i is obtained from At_ by attaching a single bypass. By the following 
Lemma 15.31 if is disjoint from the surgery support, we can find another 

n 

contact surgery presentation of (M', ^(r/)) with surgery support disjoint from 
both Ai^ and Ai+i . Once Ai_ and Ai+i are disjoint from the surgery support, 

n n n n 

we can conclude that Ta ^ is isotopic to Ta^^-^ , so the bypass between Aj_ and 

n n ^ 

Ai+i is trivial. By the triviality of trivial bypass attachments, |25j . Lemma 

71 

2.10, ^{rj) restricted to the layer between Ai_ and Ai+i is invariant, therefore 

n n 

Ai_ and Ai+i are contact isotopic, possibly after perturbing the characteristic 

n n 

foliation of Ai+i . □ 
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Lemma 5.3 Let Aq and Ai be convex annuli in M' as in the statement of 
Prop osi tion \5.2l su ch that they intersect only at the boundary. Also assume that 
Aq is disjoint from the surgery support V . Then we can find another contact 
surgery presentation of (M', Civ)) such that the surgery support is disjoint 
from both Aq and Ai . 

Proof Let be the component of M' \ [Aq U Ai) homeomorphic to x . 
By the monotonicity of the slope, [221) Proposition 4.16, M' \ N has boundary 
slope I € [j^: —"i^) because M' \ N C M' \Ao. Let 7 be a vertical Legendrian 
curve contained in d{M' \N) , then q < ^^ij (^^d{Ar\N)) ■ particular, if we 
take 7 C j4o, then ^#(7 fl rg(j\//\^)) = — so q < — i(^). This is possible 
only if I = therefore there is a solid torus V C M' \ N with convex 

boundary with slope —j^ such that (M' \ V', C(^)|M'\y ) is contactomorphic 
to the complement of a standard neighbourhood of a vertical Legendrian curve 
L' with twisting number tb{L') = t{^) in (T^ x /, ^) . In fact, we can identify 
M'\V' and T'^xI\vL so that dV corresponds to d{vL). Then, both C(^)lM'\y' 
and CIt2x/\i/L have the same boundary slopes, induce the same dividing set on 
^0 and, after cutting along Aq and rounding the edges, yield a nonrotative 
tight contact structure on r2 X / with slope By j^, Lemma 5.7, there 

is only one such tight contact structure on r2 X / up to contactomorphism, 
therefore ^(??)|Af'\V'' and CIt2x7'\i/L are contactomorphic. □ 

Let Ti, T2 C (M(eo,?'), ^(ra,ci,c2,c3)(^)) be convex tori in the direction {x,z) 
and (y, z) disjoint from the surgery support V such that their intersection is 
a common vertical Legendrian ruling curve R with twisting number t: see 
Figure Let Si be the slope of Tj and its division number. The fact that 
i? = Ti n T2 is a common Legendrian ruling curve implies that the intersection 
between R and Tt^ is minimal for both i = 1,2. Let [/ C V be a solid torus 
such that —d{M \ U) is convex and has slope , where do = [—\]- 

Proposition 5.4 Let T' <Z M = M{eo,r) be a standard torus isotopic to Ti 
with vertical Legendrian ruling. Then: 

(1) T' has slope si and division number n' >ni. 

(2) Any convex torus T" intersecting T' in a vertical Legendrian ruling curve 
of T' is contact isotopic to T2 , possibly after perturbing its characteristic 
foliation. 

Proof To simplify the notation, in the proof we will fix ^ = ^(n,ci,c2,c3)(^) • 
By Isotopy Discretisation Lemma 3.10, there is a sequence of convex tori 
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Ti = T(-i), . . . ,T(^n) = T' such that T(^i+i) is obtained from r(j) by attaching a 
bypass. In particular, and r(j) bound Ni diffeomorphic to x /. We 

can assume inductively that T(j) satisfies: 

(1) = •51 and div(r(i)) > ni. 

(2) There is a solid torus Ui C M \ T(^i-^ isotopic in M to C/ such that 
—d{M \ Ui) is convex with slope 3^^- 

(3) i\ui is isotopic to i\u and CU/\c/i is isotopic to i\M\u ■ 

(4) There is a convex vertical annulus Ai <Z M\ Ti^^-^ with Legendrian bound- 
ary on d{M \ T(j)) such that A closes to a convex torus Ai C M contact 
isotopic to T2 . 

We observe that the inductive hypotheses are satisfied for Ti taking as Aq 
the annulus obtained by cutting T2 open along i? = Ti n T2, and Uq = U . 
Assumptions 2 and 3 imply that (M \ Tj, ^|a/\tJ is negative contact surgery 
along a vertical Legendrian curve in x / with a nonrotative tight contact 
structure, therefore all vertical annuli as in assumption 4 have the same dividing 
set by Proposition 15.21 

A priori there are three kinds of transitions from T(j) to T(^i+i) '■ 

(1) div(r(i)) = div(r(i+i)) = 1 and s(r(j+i)) / si 

(2) s(T(j+i)) = si and div(r(j+i)) = div(T(i)) + 1 

(3) s(T(j+i)) = si and div(r(j+i)) = div(T(j)) - 1 

Case 1 We will prove that there are no transitions which change the slope. 
Suppose by contradiction that div(T(-j)) = div(T(-j^i)) = 1 and s(T(j_|_i)) = s'l ^ 
si. We can assume either that the bypass is attached to r(j) from the front 
and s[ < si , or that the bypass is attached to T(j) from the back and si < s[ . 
We describe only the first possibility because the second one is symmetric. 

Attaching bypasses coming from a convex vertical annulus with Legendrian 
boundary S C M \ Ni as long as the Imbalance Principle can be applied, we 
eventually obtain tori T'^.-^ and ^(j+i) bounding N- D Ni. The tori T^.-^ and 

T'^i^-^) have either infinite slope or have slopes s{T'^-s^) = | > s{T^-_^_-^^^) = ^ and 
a convex vertical annulus with Legendrian boundary S' <Z M\ N[ between T^'^^ 
and ^(j^i) contains no more boundary parallel dividing arcs. In the first case 
we have a vertical Legendrian curve with twisting number in M \ (T(j) \J Ai). 
This is excluded by the classification of tight contact structures on solid tori 
because, by the inductive hypothesis, there is no such curve either in {Ui,E,\ui) 
or in (M \ (T(i) U U C/j), ^|Af\(T(,)UA,uc/,)) ' second case, after cutting 



Algebraic & Geometric Topology, Volume 5 (2005) 



Tight contact structures on Seifert manifolds over 



811 



along S and rounding the edges, we get slope > on d{M \ {N- U 5)) C 

M \ {T(^i) U Ai) . This is also impossible because M \ (T^j^ U Ai) has meridional 
slope — r < 0, and the existence of a torus with non negative slope contained 
in M \ (r(j) U Ai) would imply the existence of a vertical Legendrian curve with 
twisting number 0. 

Case 2 Now we consider transitions which increase the division number. The 
main point here is to show that the surgery support can be assumed to be 
disjoint from the transition. Take convex vertical annuli A'^ C Ni and A" C 
M \Ni with common Legendrian boundary and call Bi = A'-U A" C M \ T(j-) . 
By Proposition 15.21 Ai is contact isotopic to Bi and S,\M\{T(^i-,uAi) is isotopic to 
^lM\(T(i)UBi) ■ If we set Ai+i = A'-[JA[ C M\T(j^_;^) , then Ai is contact isotopic 
to Ai+i. The solid torus obtained by rounding the edges of M \ (Tj-j) U Bi) 
has boundary slope — ^ for some positive integer ki < j, and the solid torus 
obtained by rounding the edges of M \ [Ni U A'-) has boundary slope — p- € 

i 

[-j-, -r) because M \ (T^i^ U Bi) has meridional slope -r. In M \ {Ni U A'/) 
there is a solid torus f/j+i such that —d{M\ f/j+i) is a convex torus with slope 
because G [— pr,— r). Applying Proposition ESI to M\ (Tj-j) USj) , we 

conclude that ^\u^ is isotopic to C|c/i+i because slope ^^^^ is a border between 
continued fraction blocks in M \ (Tj-j) U Bi) , and no shuffling can occur between 
the signs of basic slices belonging to different continued fraction blocks. For 
the same reason ^\m\{t^,-,uA,uu,) is isotopic to ^|Af\(T(,)UB,uc/,+i) , then we can 
conclude that S,\M\Ui is isotopic to S,\M\Ui+i ■ 

Case 3 Transitions which decrease the division number can be handled in 
the same way as transitions which increase it, we need only to show that no 
transition can decrease div(T(j)) below rii. Suppose that, on the contrary, 
div(r(j)) = ni and div(r(j_|_i)) = ni — 1 and take convex vertical annuli A'- C Ni 
and A'- C M \ Ni with common Legendrian boundary. The dividing set of 
Bi = A'-U A'- C M \ Tf^i^ has at least one boundary parallel dividing arc, but 
the same total number of dividing arcs as ^o- This is a contradiction because, 
by Proposition 15.21 and the inductive hypothesis, the dividing set F^g on the 
torus Bi obtained by gluing the boundary components of Bi is isotopic to 
F^^ = Fjij and F^^ contains no boundary parallel dividing arcs. 

It remains to prove that any convex torus T" isotopic to T2 and intersecting 
T' in a Legendrian ruling curve of T' is contact isotopic to T2 ■ The Legendrian 
curves T' n An and T' n T" are Legendrian isotopic because they are both 
Legendrian ruling curves of T' . Let ipt'. M — > M be a contact isotopy extending 

Algebraic & Qeometric Topology, Volume 5 (2005) 



812 



Paolo Ghiggini 



the Legendrian isotopy between T' n T" and T' n An, so that T' n = 
T'nipi{T"). By PropositionO An = A„\T' is contact isotopic to ipi{T")\T' , 
therefore the proof is finished because An is contact isotopic to T2 . □ 

Theorem 5.5 Let C{n,ci,c2,c3) ^{n',^.^,^) t)e tight contact structures over 
with C3 7^ and C3 7^ 0. Then the tight contact structures ^(n,ci,c2,c3)iv) 
and (,(n',c[.c'^,c'^)iv') over M{0,r) constructed by negative contact surgery are 
isotopic if and only if n = n' , (01,02,03) = ±{c[,C2,c'^) and rj is isotopic to r]' . 

Proof Suppose C{n,ci,c2,c3){v) is isotopic to ^{n',c[,c'^,c'^)(.v') and call it ^. Be- 
cause of the presentation of ^ as ?(n,ci,c2,c3)(^) > in M = M(0,r) we find a solid 
torus y C M so that —d{M \ V) is convex with slope j = — j;^, ^\v = V 
and M\V can be contact embedded in (T^, C{n,ci, 02,03)) as the complement of 
a vertical Legendrian curve. In M \ F we choose tori Ti and T2 with slope 
s(Tj) = || and division number div(Tj) = n(ci,C3) respectively intersecting 
along a common vertical Legendrian ruling curve. See the proof of Proposition 
l4.5l for details. Similarly, because of the the presentation of ^ as ^{n',c[,c'2,c'^)iv') ^ 
in M = M(0, r) we find tori T{ and T2 with slope s(r/) = ^ and division num- 
ber div(i;') = n'(c-,C3) respectively and a sohd torus V C M\{T{[J T2) such 
that —d{M \ V) is convex with slope = — ^J-^, and = r/'. 

Proposition l5.41 implies that Ft^ is isotopic to Trpi for i = 1,2, therefore n = n' 
and (01,02,03) = ±(c']^, C2, 03) . Applying Proposition 15.41 to the first cut, and 
Proposition 15 . 21 to the second one, we prove that r] = ClAf\(TiUT2) is isotopic to 
rj' = S,\m\{T[ut^) 1 thus concluding the proof. □ 

5.2 Tight contact structures with t = 

The aim of this section is the classification of the tight contact structures on 
M(eo, r) constructed by negative contact surgery on a vertical Legendrian curve 
in a tight, 5" ""^ -invariant contact structure on T(eo). 

Given two multicurves T and F' on a surface S, we say that they are dijfeo- 
morphic if there exists a diffeomorphism (p: ^ T, such that (pldT, = id, and 
4>(T) = F'. If we consider F and F' as abstract dividing sets, we require in 
addition that (j) maps positive regions to positive regions and negative regions 
to negative regions. 

Let So be a pair of pants with dT,o = Co U Ci U C2 , and let F^o be an abstract 
dividing set on So with #Fso n 7^ for i = 0, 1, 2. If #Fso n C2 = 2, 
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there is a canonical way up to isotopy to extend to an abstract dividing 
set in A = X I , namely by gluing a disc D to C2 along the boundary and 
joining the endpoints of on dT,Q with an arc contained in D. We will 
call the extension F^, and will denote by the contact structure on x / 
which is 5^ -invariant over Ta ■ The contact manifold (M', Cr^^g iv)) obtained by 
negative contact surgery on a vertical Legendrian curve with twisting number 
in (T-^ X J, ^Fa) is tight if and only if Ta is tight. In fact, if Fa is a tight abstract 
dividing set, we can take a tight abstract dividing set on together with 
an embedding i: ^4 ^ so that i{TA) = n i{A) . By Giroux Tightness 
Criterion [22j, Lemma 4.2, (T^, ^rj,2) is universally tight, therefore it is also 
symplectically tillable by Theorem 13.141 Since (T-^ x /, ^r^) contact embed 
into (r^, ^rj,2)j then (M', Cr^^iv)) is tight because it can be embedded into a 
contact manifold obtained by negative contact surgery on (T^, Crj,2)- 

On the contrary, if Ta is overtwisted, then T^o contains either a homotopically 
trivial closed curve, or a boundary parallel dividing arcs with endpoints on 
C2. Then (M', ■^So(^)) is overtwisted by the same argument as in the proof of 
Proposition 14.131 because #rso > 1- 

Lemma 5.6 Let F^q and F^^ he abstract dividing sets on the pair of pants Tiq 
such that their completions Ta and F^ are tight, and let Ta , F'^ be obtained 
from Ta , T'^ by throwing away every pair of closed curves bounding an annulus. 
If iv) isotopic to ^p' {r]') , then Ta is diffeomorphic to F^ (as abstract 
dividing sets) and rj is isotopic to v( . 

Proof Let and (^) isotopic tight contact structures. By defi- 

Eq 

nition there exist neighbourhoods V and V of the singular fibre and sections 
a: So ^ M' \ V and a' : Sq — > M' \ V coinciding on a neighbourhood of dT,Q 
such that: 

(1) —d{M \ V) and —d{M \ V') have infinite boundary slope. 

(2) Crso(^)lv is isotopic to r/. 

(3) ^r' {v')\v' is isotopic to rj' . 

So 

(4) (t(So) and (t'{Tjq) are convex with Legendrian boundary, F^-^xio) = F^o 
and F^,(So) =F's^. 

If we glue a -invariant tight contact structure on x / to either component 
of dM' , the result is tight if and only if Ta (respectively F^) glued to the di- 
viding set on a convex horizontal annulus in X / produces no homotopically 
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trivial curves. We will exploit this fact to prove the lemma using a technique 
called Template Attaching, first introduced by Honda in section 5.3.2. In 
the following we will call elementary template a thickened torus T'^ x I carry- 
ing a tight contact structure which is 5^ -invariant over a horizontal annulus 
with only one boundary parallel dividing arc and 2(n — 1) dividing arcs with 
endpoints on different boundary components. 

The set dT^i = dV^ consists of a finite collection of points with cardinality 
2{^Ta) = 2(#r^). Given two points p,q € OTa (respectively dV'^) joined by 
an arc in the dividing set, we denote by {p, q) the arc in Ta (respectively F^) 
joining them. We partition OTa in the two subsets STa H Cq = {po, ■ ■ ■ ,Pn} 
and OTa H Ci = {p'^, . . . ,p'm} and put a cyclic order on them. 

We work by induction on the number of dividing arcs in Fa with both endpoints 
on the same boundary component. The base step is when there are no such 
curves, or when #Ta = 2. In the first case, Ta coincides with Ta, and defines 
an order preserving bijection {pQ, . . . ,pn} — {p'q, ■ ■ ■ which determines it 

up to diffeomorphism. We claim that T'^ has no boundary parallel dividing 
arcs either and induces the same bijection as Ta- 

If contains no boundary parallel dividing arcs, then no single elementary 
template attaching produces a homotopically trivial closed curve. Suppose 
contains a boundary parallel arc (pi,pi^i). Then the attachment of an 
elementary template such that pi and pi^i are the endpoints of the boundary 
parallel dividing arc in its horizontal annulus produces an overtwisted disc, 
giving a contradiction. See Figure case (b). 



(a) (b) (c) 

Figure 5.1: The attaching of an elementary template: Cases (a) and (c) preserve 
tightness, cases (b) produces an overtwisted disc. 

Let To and Ti be the two components of dM' . If we attach elementary tem- 
plates to To and Ti such that {po,Pi} and are the endpoints of the 
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boundary parallel dividing arcs, then the only case in which we get an over- 
twisted disc is when there are dividing arcs {po,p'i) and {pi,p'i^i)- This must 
be true for both Ta and , therefore the two dividing sets are isomorphic. 

When = 2 , we have to distinguish the cases when consists of two non 

boundary parallel dividing arcs, or when it consists of one boundary parallel 
dividing arc on each side and a number of closed curves. In the first case, 
(M', Crs(,(^)) remains tight after gluing S*^ -invariant tight contact structures 
with a boundary parallel dividing curve on its horizontal annulus in any possible 
way. In the second case some gluing produce an overtwisted disc. This forces 
to be diffeomorphic to Ta- We observe that template attaching cannot 
detect multiple closed curves in and F^. This is the reason why we work 
with F instead of with F . 

Now we suppose the lemma true when F^ has k — 1 arcs with endpoints on 
the same boundary component. Let Ta have k of such arcs, and suppose that 
{pi,Pi+i) is one of them. If we glue an elementary template to (M', ^r^Q iv)) so 
that the boundary parallel dividing arc in its horizontal annulus matches with 
(pi,Pi^i) to give a closed homotopically trivial curve, we produce an overtwisted 
disc. This fact implies that (pi,pi^i) is also a boundary parallel dividing arc 

in f:^. 

After slightly perturbing iv) and ^p' iv') ) ^^i both contact structures A 
contains a bypass along dM' corresponding to the boundary parallel divid- 
ing arc {pi,pi^i). After attaching these bypasses to dM' , and removing the 
collars of dM in which the bypass attachment takes place, we obtain man- 
ifolds M[, M2 with tight contact structures Crs^i'n))\M[ = \(pi,pi+i) iv) 
and ^r'j,^(r/'))lAf^ = Cr'^^\{p,,p,+i)iv') ■ If we prove that (.r^^\(p,,p,+i) iv) is iso- 
topic to \{pi,pi+i){'n') we can use the inductive hypothesis to conclude that 

Ta \ {pi,Pi + 1) is diffeomorphic to F^ \ {pi,Pi + 1). From this it follows that 
F^ is diffeomorphic to F^ . 

To prove that ^^so\{p^,P^+l)(v) is isotopic to ^r^^j\(p,,p,+i) we glue an el- 
ementary template to M' so that the boundary parallel dividing arc on its 
horizontal annulus joins Pi+i to Pi+2- The resulting contact manifold M" is 
tight and both M" \ M[ and M" \ are contactomorphic to /-invariant 
thickened tori. See Figure ISTTl case (c). 

If M decomposes as (M \V) UV , consider the inclusions ty : V ^ M and 
L]yf\y : M \ V ^ M . Prom the obstruction theoretical definition of the Euler 
class it is immediate that 

{iv).PD{e{^\v,s)) + {iM\v)*PD{e{^\M\v,s) = PDe{0 
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for any section s of ^ on dV . If Crsgl^) ^^sgi'n') isotopic, then 
e(Crso(??)) = e(Crso(V))- Moreover, S,rsJrj)\M\v = ^rs„i'n')\M\v = ^r^o ' ^^^^ 

i''M\v)*PD{ei^rs^^{i])\M\v,s)) = {i^M\v)*PD{e{^rs^^irj')\M\v,s)). 

By difference, {Lv)*PD{r], s) = {Lv)*PD(ri' , s) , therefore e{r],s) = e{ri',s) be- 
cause (iv)* is injective. By [^, Proposition 4.23, this proves that {D^ x 3^,7]) 
and {D^ x S^,r]) are isotopic □ 

Given (M, ^) , and a neighbourhood F of the singular fibre F such that —d{M\ 
V) is a standard torus with infinite slope, we can modify the Seifert fibration 
it: M ^ by an isotopy so that M \ V fibres onto \ D = S , where D is 
an embedded disc. Let a: S— >M\ybea section such that cr(S) is convex 
with Legendrian boundary and #r -minimising in its isotopy class. With an 
abuse of notation, we will denote simply by S, and its dividing set by 

Fs ■ We will denote by F the extension of F^ to obtained by joining the 
endpoints of Fs with an arc in D. 

Proposition 5.7 Let 7 C be a homotopically nontrivial simple closed 
curve disjoint from the image of the singular fibre, and let Xy be the family 
of convex or pre-Lagrangian tori in (M(eo,r), ^r^iv)) isotopic to 7r~^(7). If 
we define the division number of a pre-Lagrangian torus to be zero, then the 
equality 

min div(T) = — 17 fl F| 

TGT-, ^ ^ 2 " ' 

holds. 

Remark We say that a convex vertical torus T in M(eo,r) has infinite slope 
if its dividing set is isotopic in M{eo,r) to regular fibres, otherwise we say that 
T has finite slope. In general we cannot give a well-defined value to the slope 
of T when it is finite. 

Lemma 5.8 T-y contains a pre-Lagrangian torus if and only if it contains a 
convex torus which does not have infinite slope. 

Proof Suppose there is a pre-Lagrangian torus T £ Ty: then after a suitable 
choice of coordinates {x,y,z) in a neighbourhood of T so that T = {y = 0}, 
the contact structure has equation dz — ydx in a neighbourhood of T . This 
local model shows that for some small e 7^ 0, the torus is pre-Lagrangian 
and has rational slope different from the slope of T . Then we perturb and 
obtain a convex torus T' with finite slope by Lemma 13.41 
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Suppose that T contains a convex torus T with finite slope. First, we 

show that T ^ also contains a convex torus T' with infinite slope. In fact, 
by hypothesis there is a vertical Legendrian curve L C M with twisting number 
0, hence we obtain a convex torus with infinite slope by first isotoping T so 
that it becomes a convex torus T' with vertical ruling disjoint from L. Then, 
if T' has not infinite slope already, by attaching the bypasses along T' coming 
from a convex annulus between L and a Legendrian ruling curve of T' . This 
operation produces a convex torus T" parallel to T with infinite slope. Once 
we have a convex torus with finite slope T and a convex torus with infinite 
slope T", we can suppose by isotopy discretisation that they are disjoint, so 
they bound a tight thickened torus with different boundary slopes. By |22| . 
Corollary 4.8, such thickened torus contains a pre-Lagrangian torus. □ 

Proof of Proposition 15.71 Take a curve 7' C \ D = E isotopic to 7 
which realises the minimum of the intersection with the dividing set F . We can 
identify 7' with its image under the section a and make it Legendrian. Since 
(M \ V, C\]\i\v) — (S X S^, ^Fs) is S'-'^ -invariant, Tq = TT^^{'y') is a standard 
torus with division number ^[7 n F| if 7' n F 7^ 0, or a pre-Lagrangian torus if 
7' n F = , therefore 

min div(T) < — 17 H F|. 

Suppose by contradiction that there exists a convex torus Ti G with either 
div(Ti) < i|7 n F| and I7 H r| > 2, or with slope different from infinity and 
I7 n F| = 2. By Isotopy Discretisation Lemma 3.10, we can find a finite 
family of disjoint convex tori Tq = T^''), . . . , T^"^ = Ti such that, for any 
i = 0, ... ,n — 1, r^*"*""^^ is obtained from T^^^ by the attachment of a single 
bypass. In particular, they bound a layer Ni diffeomorphic to x I. If 
rp{n) _ j^g^g f^Yiite slope, we can assume that it is the first torus in the family 
with that property. 

For any i such that T^*) has infinite slope there is a Seifert fibration vTj : M \ 
r(^) X I with one singular fibre, a neighbourhood Vi C M \ Ni of the 

singular fibre such that —d{M\Vi) has infinite slope, and a collar Cj = TTi{Ni) 
of a boundary component of Sq such that 

t^iIn, ■ Ni ^ Ci 

^^\M\iN,UV,) ■■ M\{N,U Vi) ^ So \ a 

are S'"'^ -bundles. We choose sections fij: So ^ M \ (T^^^ U Vi) so that: 

(1) cJj(So) is a convex 7^ F -minimising surface with Legendrian boundary 
denoted by E(j) . 

Algebraic & Geometric Topology, Volume 5 (2005) 



818 



Paolo Ghiggini 



(2) n r(*+^) is a Legendrian curve. 

(3) fjj extends to a section a j : S ^ M \ . 

(4) ao = a. 

Define = and identify witli a multicurve on S using tTj. 

We claim that, for any i, differs from by a number of curves iso- 

topic to 7 or by Dehn twists around 7. The proof is by induction on i. If 
z = the claim is true because S = S(o) • Now suppose the claim true for 
a fixed i. Let : Sq ^ M \ (V^ U t(*+^)) be the section which extends 
to the section Wi: E — > M \ V^. We denote (T^_,_]^(So) by ^i^i and 
by By properties (1) and (2) of ai, ^'ij^i is a convex #r-minimising 

surface with Legendrian boundary, then by 23 , Lemma 4.1 the 5^ -invariant 
contact manifolds (M \ {T,^i+i) UVi), C\m\{Tu+^.uv,)) and (Sq x S'^ ^r^,, ) are 
contactomorphic. Analogously, (M\ (r(j+i) U Vi+i), ^jAf\{T(,+i)Uy,+i)) is contac- 
tomorphic to (Sq x S^, Cr^.^^)- These contactomorphisms give presentations 
of (M\T(-ji CU/\T, 11J as negative contact surgery on (T^ x /, ^r^/ ) and 
(T^ X /, ^Fs.^^) respectively, therefore by Lemma f5.6l L^.^-^ is diffeomorphic 
to Ty' . By construction, Ls, and Fy;/ extend to the same multicurve L^ 
on E, so the claim is proved. 

Suppose now that Ti has infinite slope and div(ri) < div(ro): then the ge- 
ometric intersection 1 7 n I is lesser than the the geometric intersection 

|7nFs(o)| = |7nF|. This is a contradiction because, by the claim, F^. and 

Ty differ only by Dehn twists along 7 or by the number of curves isotopic to 

(") 

7- 

If the slope of Ti is not infinity, attaching the bypasses coming from a vertical 
annulus A C M \ Nn^i between T(„) and T^^.i) we find a layer A^^^ = T"^ x I 
so that N = Nn-i U Nn has minimal boundary and infinite boundary slopes. 
N is rotative because it has infinite boundary slopes, but Tf^^) ^ has finite 
slope, so by ^], Lemma 5.7, the dividing set of a #F-minimising section of 
A^ contains no arcs with endpoints on different boundary components. We can 
complete the section in A^ to a section T,'^^_-^-^ = (T^_-^(So) which has no dividing 

arcs with endpoints on different boundary components. By Lemma [5.6| F^' 

is isomorphic to F2j^_jj and by the claim Fsj^_^^ glues to the same dividing 

set on as Fs,„, . This is a contradiction because Fj^/ has a curve isotopic 

v*^/ (n— 1) 

to 7 and F^^qj does not. □ 



Algebraic & Qeometric Topology, Volume 5 (2005) 



Tight contact structures on Seifert manifolds over 



819 



Theorem 5.9 Let and be two tight abstract dividing sets on the 
punctured torus T, such that ^T-^ndT, = ^r'j.nd'E = 2 and without boundary- 
parallel dividing arcs. Denote by T and T' their completion. The tight contact 
structures ^r^iv) S-f5cfCr^(V) M{eQ,r) are isotopic if and only if T is isotopic 
to r' , and 7] is isotopic to tj' . 

Proof If r is isotopic to V and r/ is isotopic to rj' , then iv) is isotopic to 
Cr'^iv') bv Proposition 

Let now Cvj^iv) Cr'^iv') be isotopic tight contact structures. By Proposition 
15 .71 for any simple cfosed curve 7 C we have I7 H Pj = [7 n P'j , therefore Ps 
is isotopic to T'^ . Suppose now that there are tight contact structures rjQ and 
r]i on X such that ^r^i'l) is isotopic to ^FeCV)- then there exist isotopic 
convex vertical tori with infinite slope Tq, Ti C M , and, for i = 0, 1, Seifert 
fibrations vTj : M \Ti x I , and neighbourhoods Vi of the singular fibre 

such that ^\vi = 

By isotopy discretisation [^S], Lemma 3.10, there is a finite sequence of convex 
tori with infinite slope Tq = T^^\ . . . , T*^"-* = Ti such that, for i = 0, . . . , n — 1 , 
T^*^ and T^*^^) bound Ni diffeomorphic to x I. For any i, we can modify 
the Seifert fibration on M so that the singular fibre is contained in M\Ni, and 
find a neighbourhood of the singular fibre V/ contained in M \ Ni . By Lemma 
15.61 applied to M \ T^''^ , r/o = ^\vo is isotopic to Clvg') by Lemma f5.6l applied 
to M\r«, ^1 V' is isotopic to ^|y/ , and by Lemma EUl apphed to M \ T^") , 
^\v^ is isotopic to C\vi=m- □ 

6 Exceptional tight contact structures 

In this section we prove tightness for the candidate tight contact structures 
with = 1 . The proof of tightness for this class of contact structures uses 
a purely topological and three dimensional technique known as state traversal, 
introduced by Honda in 23 . 

6.1 State traversal 

Let (M, ^) be a contact manifold and C M be a properly embedded in- 
compressible surface. We will assume W is convex. The contact manifold 
(M \ W, £,\m\w) "^ill be called a state, and the surface W a wall. In general 
both W and M \ W could be disconnected. A state is said tight if ^|Af\iy is 
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tight. The boundary ol M \ W consists of two copies of W: W-^ and W-. A 
state transition consists of detaching a coUar of W- and attaching it to 
or vice versa, so that T\y is changed by a bypass attachment. We observe that 
a state transition corresponds to moving W inside M by an isotopy. 

Theorem 6.1 (|131) section 2.3.1 or Theorem 3.5) If the initial state 
(M \ W, C\m\w) tigi^ij ™ci all the states reached from it in a finite number 
of state transitions are also tight, then the contact manifold (M, ^) is tight. 

The set of states that can be reached from the initial state in a finite number of 
bypass attachments is a complete isotopy invariant of ^ in the following sense. 

Theorem 6.2 (Corollary of [13], Theorem 3.1) Let and ^2 be two tight 
contact structures on M , and let W C M be a properly embedded incom- 
pressible convex surface. Let C{^i) be the set of isotopy classes relative to the 
boundary of all the states reached from the initial state {M \ W, S,\m\w) 
a Rnite number of state transitions. Then ^1 is isotopic to (,2 if and only if 

c(ei) = c(e2). 

Let Fs be an abstract dividing set on the one-punctured torus S with = 
1. In order to apply the state traversal to {M{eo,r), Crsl^))) 'we give an alter- 
native description of this contact structure. By ^j, with / = 2 or / = —2, we 
denote the tight contact structure with infinite boundary slopes and twisting 

TT on X / such that S,i has relative Euler class e{S,i) ~ ^ ' ^'^1^ 

notations of j22|, Lemma 5.2) and by (M', £,i{r])) we denote the contact man- 
ifold obtained by contact (—^) -surgery along a vertical Legendrian curve in 
(T^ X /, ^i) with twisting number 0. 

Lemma 6.3 After gluing Ti to Tq with the map ( ^ ^],we obtain the 



contact manifold (M(eo,r), Crs(??)) with #rs = 1 and (e(^rs)i ^) = 

Proof To prove that we obtain a contact structure isotopic to Crs(^) it is 
enough to show that we obtain a contact manifold whose background is isotopic 
to the background of {M{eo,r), Cvsiv))- We prove the isotopy between the 
backgrounds by showing that they induce isotopic dividing sets on convex ^^F- 
minimising sections of S x S^, see |23| Lemma 4.1. 

The background of (M', Ciiv)) is the contact manifold (SoxS^, Cr^^) where Sq 
is a pair of pants and .^rs is the tight contact structure which is -invariant 
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over the abstract dividing set described in Figure W/H Fsq consists of two arcs 
joining two boundary components of Sq and a boundary parallel arc with both 
end-points on the third component of 9So. 

Consider a ^^F -minimising section Sq of Sq x so that, after gluing two 
boundary components of Sq x as prescribed by the statement, we obtain a 
section S' of S x 5^ . By Lemma 4.5 F-^i^ is isotopic to F^q , therefore F^' 
is isotopic to Fs. 

□ 

For the rest of the section we fix the notation M = M(eo,r) and ^ = ^i{r]) = 
^r,(r/). 

Lemma 6.4 Let Wo,Wi C (M, ^) be vertical incompressible disjoint convex 
tori with finite slopes and let N C M be the thickened torus bounded by Wq 
and Wi . If d{M \N) = Wi-Wo, the slope of Wi is si = f , and the slope of 
Wq is sq < ^ — cq , then there is a vertical Legendrian curve L C M \ N with 
twisting number tb{L) = 0. 

Proof Take a properly embedded convex vertical annulus with Legendrian 
boundary A C {M\N) and attach all the possible bypasses it carries to Wq and 
Wi . If in the process we get a torus with infinite slope we are done, otherwise 
we end with two convex tori Wq and W[ parallel to Wq and Wi respectively 
with slopes s'q < sq < ^ — cq and s'^ > ^, and such that the vertical annulus A' 
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between Wl and W|_^^l carries no bypasses. Let A^' be the layer difFeomorphic 
to X / between Wq and Wl . If we cut M \ N' along A' and round the 
edges, we get a solid torus with boundary slope s > s'j^ — Sq — 1 > 0. On the 
other hand, if we make the singular fibre F Legendrian with very low twisting 
number n, and remove a standard neighbourhood uF, we get slope on 
~d{M' \ uF) . Taking the limit for n going to infinity, we see that this slope 
is negative for n small enough, therefore, by j22j . Proposition 4.16, there is an 
intermediate torus in M \ {N' U A' L) vF) with infinite slope. □ 

If C (M, ^) is a vertical incompressible convex torus with finite slope, ap- 
plying Lemma 16.41 with Wq = Wi = W , we find a vertical Legendrian curve L 
with twisting number zero in M \ W . Attaching the bypasses coming from L 
to W on either sides, we can engulf in a rotative x [—1,1] with infinite 
boundary slopes such that W = T'^ x {0}. By Theorem 2.2, we need to 
consider only transitions between states with minimal boundary, provided that 
the walls can be engulfed into rotative thickened tori. In the present situation, 
we have to consider transitions between states with finite boundary slope and 
minimal boundary, or between states with infinite boundary slopes. 



6.2 Analysis of the states 

Before performing the state traversal we analyse the possible states. We observe 
that the Seifert fibration on M can be isotoped so that W becomes a fibred 
torus. Consequently there is an induced Seifert fibration on M \ W = M' . 

Let be the minimally twisting tight contact structure on X [0, i] with 
boundary slopes sq = - — cq, si = oo, minimal boundary and relative Euler 

1 2 

class lb I , I . Let C" be the minimally twisting tight contact 

\ -1-p + eoq J 

structure on x [^,1] with boundary slopes si = oo, si = ^, minimal 

boundary and relative Euler class ^ ^ • Here the signs of the relative 

Euler classes are chosen accordingly to the sign of I. All the basic slices in the 
decomposition of C'l and ('/ have the same sign. We denote by (M", C/(^)) the 
contact manifold constructed by contact (— i)-surgery on a vertical Legendrian 
curve L with twisting number in (T^ x [0, C^), and by (M', ^[{r])) the 
contact manifold obtained by gluing (T^ x [i, 1], C'^,) to {M" , C'liv))- 

To the contact manifold {D'^ xS^,rj) we associate the set of numerical invariants 
(ro, . . . , Tfc) defined as 

Tj = # {positive basic slices in A^j} — # {negative basic slices in Ni} 
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where Ni is the {i + l)-th continued fraction block in the basic slices decom- 
position of 7]. The classification of tight contact structures on solid tori [2'2i 
Theorem 2.3] implies the following proposition. 

Proposition 6.5 For any slope s, let Tg denote the tight abstract dividing 
set on T"^ with slope s and i^Fs = 2. Then the number of continued fraction 
blocks and the slopes of the borders between continued fraction blocks of any 
tight contact structure rj G Tight{D'^ x S^jF^) depend only on s and are 
independent of i]. Moreover, the map Tight{D^ x S^,Tg) given by 

V ^ ■ ■ ■ i^k) is injective. 

If Fg = y4(r)^^Foo, then the number of continued fraction blocks of r/ € 
Tight(D'^ X S^jFg) is equal to the number of the coefficient in the continued 
fraction expansion — i = [do, . . . ,dn], moreover |ro| < |c?o|, and |rj| < \di\ — 1 
for i > 0. To classify the contact manifolds (M', ^[{rj)) we need the following 
lemmas. 

Lemma 6.6 Let (T^ x [0,^], C'l) be a basic slice with boundary slopes —n 
and oo, and let (T^ x [|,1], C-i) be a basic slice with boundary slopes oo 
and 1 with opposite sign. We call (T^ x [0, 1] \ V, the contact manifold 
obtained from (T^ x [0, i], Ci)^t^x{^} (^^ ^ ih 1]' 

removing a standard 

neighbourhood V of a vertical Legendrian divide of x {i} . Then (T^ x [0, 1] \ 
V, ^^') is isomorphic to (T^ x [0, ^] \ U, Ci\t'^x[o -]\u) ' ''^^^re U is a standard 
neighbourhood of a vertical Legendrian ruling curve of a standard torus parallel 
to T^ X {0} and contained in its invariant neighbourhood. 

Proof Up to isotopy we can assume that x [i — e, ^ + e] is an invariant 
neighbourhood of x {i} in (T^ x [0, i], C/) U (T^ x [i,l], d), and that 

V is contained in it. Clearly CilT2x[o --e] isomorphic to C'l and CiW^xl^+e i] 
is isomorphic to C";- By Lemma 4.1] CiIt'^xI^-e ^+e]\v 5"^ -invariant, 
and the dividing set of a convex ^F -minimising horizontal section S with 
Legendrian boundary is as in Figure 16.21 

We decompose (T^ x [0, i] \ U, C/lr^xp -]\u) three pieces which are iso- 
morphic to (T^ X [0, i - e], C'i\T2x[o,^-e]h (^^ X [l + e>l]> C'lW^xl^+e,!]) ^ and 
(T2x[i-e,i+e]\y, Cj'lr2x[i-e,i+e]\y)' respectively. Thicken U G {T^x[0,^], Q') 
to U' by attaching the bypasses coming from a vertical annulus between a 
Legendrian ruling curve of dU and a Legendrian divide of x {^} so that 
dU' has infinite slope. In a similar way find a collar C of x {0} in 
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Figure 6.2: The dividing set on E and E' 

(T^ X [0, |] \ U', C'i\t^x[o ^\U') ^° ^^^^ ^ boundary slopes —n and oo. 
The isomorphism between (T^ x [0, 1] \ V, £,{) and (T^ x [0, i] \ U, Cilr2x[o,i]\c/) 
identifies x [0, i - e] to C, x [i - e, i + e] \ F to x [0, i] \ {U' U C) , 
and T2 X [i + e,l] to C/'\C/. 

lT2x[o,i]\(C/'uC)) infinite boundary slopes, therefore 
by |23[ Lemma 4.1] it is 5^ -invariant. Let S' be a convex ^^F -minimising 
horizontal section with Legendrian boundary. The dividing sets of S' cannot 
contain any boundary parallel dividing arc, otherwise such an arc would pro- 
duce a bypass attached horizontally to x [0, |] \ ([/' U C) . The attachment 
of this bypass would give a convex torus with slope zero in (T^ x [0, C/)> 
contradicting either tightness or minimal twisting. Thus the dividing sets of S' 
is forced to be as in Figure IH?^ therefore (T^ x [0, |]\(C/'UC), C[lr2x[o i]\(c/'uc)) 
is isomorphic to (T^ x — e, ^ + e]\V, Cilr^xl^-t i+e]\y) [SHI Lemma 4.1] 
because they induce diffeomorphic dividing sets on the convex ^^F -minimising 
horizontal sections S and S'. 

C'llc is isomorphic to C'l — C'iIt^xIo --e] because their relative Euler classes 
have the same evaluation on a vertical annulus. In a similar way, the relative 
Euler class of Ci\u'\u evaluates on a vertical annulus as the relative Euler class 
of therefore it evaluates as the opposite of the relative Euler class of = 
^i\t^ X [i+e 1] • '^^^ change of sign is due to the fact that, in evaluating the relative 
Euler class of C'i\u'\u ^ the boundary component dU is oriented as x {0}, 
i. e. by the inward normal. On the other hand, the isomorphism maps dU to 
X {1}, which is oriented by the outward normal. This change of orientation 
on the boundary forces the orientation of the vertical annulus to change too, in 
order to keep the global orientation unchanged. □ 
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The contact manifold (T^ x [0, C/) U (T^ x [|, 1], C-;) is overtwisted because 
it does not satisfy the conditions of the Gluing Theorem [2'2\ . Theorem 4.25. 
However, it become tight when we remove V , as Lemma l6 . 61 shows . 

Lemma 6.7 Let (T^ x [0, 1] \ V, be a contact manifold as in Lemma \6.b\ 
Then there is a convex annulus A C T'^ x I \ V whose boundary consists of 
vertical Legendrian ruling curves ofT^ x {0} and T'^ x {1} such that its dividing 
set Fa has no boundary parallel dividing curves, and ^i\t2xI\{vuA) 1^ isotopic 
toCi- 

Proof The annulus A can be easily found in the contact manifold (T^ x 
[0, ('i), which is isomorphic to (T^ x [0, 1] \ V, ^l) by Lemma [6.61 It is a 
convex vertical annulus with Legendrian boundary between x {0} and dU 
contained in an invariant collar of x {0} . The invar iance of the collar implies 
that the annulus can carry no bypass. □ 

Lemma 6.8 If cq > 2, then (M', C'liv)) tight for any rj and any I. If cq = 1, 
then (M' , is tight if and only if tq = Moreover, ^'i,{r]') is isotopic to 

^[{rj) if and only if either I = I' and r] is isotopic to rj' or sq & Z and 

(1) /' = —I and v'q = tq + I when cq = 2, 

(2) V = —I, ro = — and r[ = ri + / when cq = 1. 

Proof After acting, if necessary, on M' by a self-diffeomorphism supported 
outside the surgery and preserving the Seifert fibration, we can assume si = 
^ S (0, 1] . There is a unique universally tight contact structure on x 5^ 
with boundary slope — si which can be glued to x along -T^ x {1} 

with the identity map to give the tight contact structure with infinite boundary 
slope on x [i, 1] U L>2 x ^ x 5^ After filling x {1} in (M', ^{{r))) in 
this way, we obtain a contact structure on x still denoted by C'liv) which 
can be decomposed as {D^ x S^, ^[{r])) ^ (T^ x [0, i], ('/) ^A{r) {D^ x S'^,v)- 

We start studying tightness for this bigger contact manifold. Since both (T^ x 
[0, i], C'l') and (L>2 x 5\r?) are tight, the Gluing Theorem [22l, Theorem 4.25, 
gives necessary and sufficient conditions for ^;(r/) to be tight. The application 
of the Gluing Theorem for thickened tori to solid tori is possible because |22| . 
Propositions 4.15, 4.17, and 4.18 give an identification between isotopy classes 
of tight contact structures on x and isotopy classes of tight minimally 
twisting contact structures on x / . 
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Let ^ — eo = So > > . . . > > si = cxo be the sequence of the 

1 2n 2n 2 

boundary slopes of a minimal basic slices decomposition of (T^ x [0,^], Q'); 
and let oo = s'l > > . . . > s'j_ > Sg be the sequence of the boundary 

2 2m 2m 

slopes of a minimal basic slices decomposition of {D'^ x 5^,r/) computed with 
respect to the basis of x [0, ^] . The contact structure is tight if and 

only if either sq > . . . > > oo > s '^^i > . . . > Sg is the shortest sequence 

2" 2m 

of slopes between sq and Sg, or there exist s±_ < oo < s' ^ joined by an edge 

2" 2^ 

in the Farey tessellation of such that the basic slices between them have all 
the same signs. 

If 2 — eg < 0, then the shortest sequence of slopes between sq and s'q needs to 
go through oo, because all the sj_ are negative and all the s' ^ are positive, 

2" 2^ 

therefore {D^xS^, (.'liv)) is tight for any / and any 7]. If |— cq = 0, which means 
2 = 1, and eo = 1, there is an edge in the Farey Tessellation joining with 
^d^^ so oo is not a border between basic shoes. In this case 
is tight if and only if (T^ x [0, with boundary slopes sq = and si = oo 

glues with the first continued fraction block of rj with boundary slopes s'l = oo 

2 

and s ^^_dQ_i = to give a basic slice. This happens if and only if / = 2 

2m 

and ro = do, or Z = — 2 and vq = —do. When {D^ x S^, C'liv)) is not tight, then 
{M' , ^'i{r])) is not tight either, because Lemma EZI gives a contact embedding 
of {D'' X S\ Ciiv)) into (M', Ciiv))- 

In order to determine whether (M', ■^[(r/)) is isotopic to (M', ^[/{f]'))., we again 
study the problem in x S"^ first. In fact, if (M', ^[{rj)) is isotopic to 
(M', i[,{r]')), then (L>2 x 5\ i[{r])) is isotopic to (D^ x , Ci'iv'))- We have 
three cases here: when oo is a border between continued fraction blocks, when 
oo is a border between basic slices but not between continued fraction blocks, 
and when oo is not a border between basic slices. 

Case 1 When oo is a border between continued fraction blocks in the sequence 
So > • • • > Sn^ > oo > s '^_i > ... > Sq, it follows from the classification 

theorem for tight contact structures on solid tori that {D^ x S^, C'liv)) is isotopic 
to (D^ X S^, C'l'iv')) if ^nd only if 1 = 1', and rj is isotopic to 7]' . 

Case 2 The condition for oo to be a border between basic slices but not a 
border between continued fraction blocks in the minimal basic slices decompo- 
sition of {D^ X S^, ^liv)) is that the slopes Sn^ and s',„_i are represented by 

2" 2m 

shortest integer vectors V-i,vo,vi such that {v-i,vo) and {vo,vi) are integer 
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bases, and | det(t;_i, ui)| = 2. This condition is satisfied if and only if eo = 2 
and 1 = 1. In this case the basic slices belonging to the outermost continued 
fraction block of rj , which has boundary slopes oo and — , and the basic 
slice (T^ X [0, C'l) ) with boundary slopes —1 and oo form a unique continued 
fraction block in (D^ x S^, therefore their signs can be shuffled. The 

shuffle can occur in (M', (,'i{ri)) as well, because by Lemma [6.71 there is a contact 
embedding of (D^ x S^, ^^(r/)) in (M', ^^(t])). We conclude that, when M' has 
boundary slopes —1 and 1, (M', (,i{r])) is isotopic to (M', ■^^^ (??')) if and only 
if one of the following holds: either / = /' and rj is isotopic to rj' , or I' = —I 
and Tq = ro + / . 

Case 3 If cq = 1, si = | = 1 and ^^'(t?) is tight, then (T^ x [0, i], ('/) 
glues with the outermost continued fraction block of rj to give a basic slice with 
boundary slopes and — ^^^-^ . This basic slice forms a continued fraction block 
with the basic slices belonging to the second outermost continued fraction block 
in T], which has boundary slopes — 3~pi and — ; therefore their signs can 

be shuffled. Again, by Lemma [6. 71 the same result holds on M', so we conclude 
that (M', (,'i{ri)) is isotopic to (M', Ci'iv'))^ when M' has boundary slopes 
and 1 , if and only if one of the following holds: either / = /' and r] is isotopic 
to r]' , or I' = —I, Tq = — ro, and r[= ri+l. □ 

Now we analyse the states with infinite boundary slopes. Let A = x [0, 1] be 
an annulus and let Ta be a multicurve on A which closes to a homotopically 
trivial closed curve in if we identify 5^x{0} to 5^x{l}. Let (M', CvAiv)) be 
the contact manifold obtained by contact (—^) -surgery on a vertical Legendrian 
curve with twisting number in (T^ x /, ) • 

Lemma 6.9 Let Ta be an abstract dividing set on A = x I without 
homotopically trivial closed curves. Suppose that Ta closes to an abstract 
dividing set on consisting of a unique homotopically trivial closed curve if 
we identify x {0} and 5^ x {!}. If T'^ is another multicurve on A and 
rl a tight contact structure on x such that (M', CvAiv)) isotopic to 
(M', (,r'^{r]')) , then rj is isotopic to rj' and Ta is diffeomorphic to T'^. 

Proof By Lemma 15.61 rj is isotopic to r]' and Ta is diffeomorphic to T'^. If 
contains an arc with endpoints on different boundary components, then 
Ta = Ta and = T^, so we are done. If this is not the case, Ta consists of 
arcs with both endpoints on the same side, so Ta = Ta and differs from 
F^ by a number of closed curves. 
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We take a multicurve Tb on B = x [1,2] consisting of arcs with both 
endpoints on the same side so that, after identifying x {0} with x {2}, 
UTb closes to some homotopically nontrivial curves in . Then, gluing 
(T^ X [1,2], ^rs) to (M', CrAiv)) = (M', ^r'^ (??')) yields a generic tight contact 
structure on M{eo,r). By Theorem 15.91 the closure of Ta UF^ is isotopic to 
the closure U F^, in particular they have the same number of components. 
This implies that Ta and F^ contain the same number of closed curves, then 
F^ is diffeomorphic to F'^ by Lemma EH □ 

6.3 Analysis of the transitions 

Theorem 6.10 If > 2, then {M{eo,r), ^i{r])) is tight for any rj and any 
I. If eo = 1, then {M{eo,r), £,i{r])) is tight if and only if tq = Moreover, 
(,1'{t]') is isotopic to Ciii]) s-nd only if either I = I' and rj is isotopic to ry', or 

• V = —I and t'q = tq + I when cq = 2, 

• V = —I, t'q = — ro and r[ = ri + 1 when cq = 1. 

Proof Let Wq C M be a convex incompressible vertical torus with infinite 
slope and #Fiyo = 2 such that the initial state (M \ Wq, S,i{'n)\M\Wo) — 
(M', ^,'^(?7o)) is contactomorphic to (M', ^;'(r/)). If cq = 1 and tq 7^ ^, 
then there is a transition from Wq to Wi which brings us to a state (M \ 
Wi, 6('?)Im\Wi) — (^') ^i^i'ni)) with boundary slopes and 1 which is over- 
twisted by Lemma IH. 81 therefore {M{eo,r), (,i{r])) is overtwisted. In the rest of 
the proof we will suppose either cq > 1 or tq = ^ . 

By induction, we assume we have reached a state (M \ Wi, Ciiv)\M\Wi) of one 
of the following kinds. 

(1) {M\Wi, 6(^)lM\VFi) is contactomorphic to (M', ChiVi)) with boundary 
slopes ^ — en and ^. If en > 2, then li = I and rii is isotopic to 

Qi Hi 

•q. If eo = 2, then, either li = I and r/j is isotopic to r/, or /j = — / 
and Tq = + 1 . If eo = 1 , then, either li = I and rji is isotopic to , or 
li = —I , = — ro and r\ = ri + l. Here {vq, . . . ,rjj) denote the invariants 
determining r/j and (ro, . . . ,r„) denote the invariants determining rj. 

(2) (M \ Wi, (,l{'n)\M\Wi) is contactomorphic to the tight contact manifold 
(M', (^)) obtained by contact (—i) -surgery on the 5^ -invariant con- 
tact manifold (T^ x /, ^Ts )- Here F^. is a multicurve on 5*^ x / which 
closes to a multicuve F^. on consisting of a unique homotopically 
trivial closed curve if we identify x {0} to x {1}. 
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We denote by x+{T'^ ) the Euler characteristic of the positive region 
of \ r^. and by X-(^^ \ T^ ) the Euler characteristic of the negative 
region of \ . We have here three cases. 

• If Co > 2, then x+{T'^ \ T^.) — X-(^^ \ T^.) = ^ and r/j is isotopic 
to rj. 

• If eo = 2, then, either x+{T'^ \ %) " X~{T'^ \ = ^ ^^^^ ^» 
isotopic to ?7, or \ T^.) — X-{T^ \ — ~^ and Tq = tq + / . 

• If Co = 1, then, either x+(^^ \ T^,) — \ T^ ) = ^ and r^j is 
isotopic to r], or \ ) — X-(^^ \ ) = —h ~ ~'''o and 

= ri + / . 

A transition from the state M \ Wi to the state M \ Wj+i consists of taking 
a layer A'j = x [i, 1] c M \ Wj with boundary Wj+i U Wj, and moving it 
from the front to the back, or vice versa. We only consider the case when Ni 
is a front layer. When Ni is a back layer the proof is completely analogous. 
There are two cases, depending on whether the transition changes the boundary 
slopes or the division number of the boundary. 

Case 1 This case corresponds to state transitions from (M\Wi, ^i{'n)\M\Wi) to 
(M\Wj_i_i, Cz(^)lAf\VKi+i) such that Wi and VFj+i are minimal and at least one of 
them has finite slope. Suppose that (M \ Wi, 6(^)Im\vkJ is contactomorphic 
to {M' ,^[,{r]i)) and the transition changes the boundary slopes of the state 
from — — en and — to — en and . We can assume that the interior 
of Ni contains no tori with infinite slope. If this is not the case, we split the 
transition in two parts, therefore we can assume that Wj+i C M\Wi has slope 
G (|^,oo]. We isotope the Seifert fibration on M \ Wi so that Wi+i is a 
fibred torus and the singular fibre Fi is contained in M \Ni. 

By Lemma lf).4l there is a vertical Legendrian curve with twisting number in 
M\Ni . Using such curve we can find a neighbourhood V^+i C M\Ni of the sin- 
gular fibre such that —d{M\Vi+i) has infinite slope by arguing as in the proof of 
LemmaEH The contact structures Ci^{r]i)\v,+i = and C/',(^i)U/\(vi/,uy,+i) = 
^ are determined by rji and li as described in Lemma 16.81 In particular, 
£,l.{r]i)\Ni = ?/ _,_jAfi is a minimally twisting tight contact structure with rela- 
tive Euler class it ( '^^^^ ] , with the sign depending on /j 1 1 . Moving Ni 
\ Pi- Pi+i J 

to the back, its relative Euler class becomes ± ( ^^f^ . 

V Pi -Pi+i - eo{Qi - Qi+i) 

so S,i{il)\{M\Wi+iUV) is contactomorphic to ^^.^^(^/i+i) with boundary slopes 
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^^-^ — eo and . This proves that any admissible transition transforms a 
state of the type described in the inductive assumption to another state of the 
same type. 

Case 2 This case corresponds to state transitions from (M \ Wi, S,iiv)\M\Wi) 
to (M \ Wj+i, (,iiil)\M\Wi+i) such that Wj and Wj+i have both infinite slope. 
Suppose that (M \ Wi, 6(^)Im\h/J is contactomorphic to (M', CrsX'Hi)) 
if^'^Wi+i = i^'^Wi =t 1 ■ We isotope the Seifert fibration M' ^ x I so that the 
singular fibre is contained in M' \ Ni and, fixed a neighbourhood l^+i of the 
singular fibre so that —d{M \ Vi+i) has infinite slope, the restrictions of the 
fibration to Ni and M' \ {Ni U V^+i) are 5^ -bundles. Let E be a pair of pants 
and let S be a punctured torus obtained by identifying two of the boundary 
components of S. Let cxi : S ^ M\ V^+i be a section so that = cTj(S) C M' 
is a convex, -minimising surface with Legendrian boundary, and n Wj+i 
is a Legendrian curve. We call = (Tj(S) C M\ViJ^i. {M\Wi, ii{fi)\M\Wi) is 
contactomorphic to (M', ^Pj./ , therefore, by Lemma IHTHl rji+i is isotopic 

i 

to rji and Ty' is isotopic to F^.. If we define S^+i C (M \ (VFi+i U V^+i) 

as Sj+i = \ Wj+i, then T^^^^ = F^/ and (M \ Wi+i, 6(^)lM\vy,+i) is 

contactomorphic to (M', ^r^ .^^ (^«+i)) • 1^ 

As proved in Theorem 14. 181 the tight contact structures considered in this sec- 
tion become overtwisted after lifting to any finite covering of M(eo,r) induced 
by a covering of , so they are the exceptional tight contact structure of The- 
orem 12.31 The following corollary gives the number of the exceptional tight 
contact structures on M{eQ,r). 

Corollary 6.11 When eo > the number of exceptional tight contact struc- 
tures on M{eo,r) is finite and positive. It is 

• 2|do(di + l)...(4 + l)| if eo >2, 

• \{do- l){di + 1) . . . (4 + 1))| if eo = 2, 
. 14(4 + 1)... (4 + 1)1 if eo = 1. 

The last expression has to he interpreted as 2 when = do G Z. 

Proof By Theorem 16.101 and 12.41 when eo > 2 for any / there are |4('^i + 
1) ... (4 + 1)1 choices for tj and 2 choices for the background, and all choices 
give distinct tight contact structures, therefore the total number of exceptional 
tight contact structures on M(eo, r) is 2|4(4 + 1) . . . (4 + 1)1 • 
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When eo = 2, there are \do{di + l) . . . (d^ + l)! choices for t] for any choice of the 
background, but not all choices give distinct tight contact structures. In fact, 
any exceptional tight contact structure with I = —2 and ro > do is isotopic to 
a tight contact structure with / = 2, therefore we count \dQ{di + 1) . . . (d^ + 1)| 
distinct exceptional tight contact structures with / = 2 and |(cii + l) . . . {dk + l)\ 
distinct tight contact structures with I = —2, namely those obtained from rj 
with ro = do- The total number of distinct exceptional tight contact structures 
up to isotopy on M{eo,r) with eo = 2 is therefore \{do — l)((ii + 1) . . . {dk + 1)| ■ 

If eo = 1 and ^ ^ Z, then for any choice of the background there are \{di + 
1) . . . {dk + 1)1 choices for ry, but not all choices give distinct tight contact 
structures. In fact, we have \{di + 1) . . . {dk + 1)| distinct exceptional tight 
contact structures with Z = 2 up to isotopy, and \{d2 + 1) ■ ■ ■ {dk + 1)| distinct 
exceptional tight contact structures with / = —2 which have not already been 
counted, namely the ones with = . The total number of exceptional tight 
contact structures on M(eo, r) with eo = 1 is therefore \di{d2 + 1) . . . {dk + 1)| • 
If eo = 1 and ^ S Z, for any / there is only one possibility for r/, and different 
choices for the background produce non isotopic tight contact structures, there- 
fore the total of exceptional tight contact structures on M{eo,r) with eo = 1 
and i e Z is 2 . □ 

The exceptional tight contact structures on M{eo,r) are negative contact surg- 
eries on the exceptional tight contact structures on T(eo) when eo > 1- On 
the contrary, there are no exceptional tight contact structures on T(l), and the 
exceptional tight contact structures on M(l,r) are negative contact surgeries 
on an overtwisted contact structure on T(l) . On T{2) there is only one ex- 
ceptional tight contact structure up to isotopy, therefore the two backgrounds 
extend to isotopic tight contact structure on T(2) . This reflects the fact that 
T(2) with the exceptional tight contact structure contains two non Legendrian 
isotopic vertical Legendrian curves with twisting number 0, and negative con- 
tact surgeries with the same surgery data on such curves yield different contact 
manifolds. The shuffling between the background and the surgery data when 
eo = 2 shows that suitably stabilisations of the two non isotopic vertical Leg- 
endrian curves with twisting number become Legendrian isotopic. 
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